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Abstract. An almost PI algebra is a generalisation of a just infinite algebra which 
does not satisfy a polynomial identity. An almost PI algebra has some nice prop- 
erties: It is prime, has a countable cofinal subset of ideals and when satisfying 
ACC(semiprimes) (this happens, for example, when it is affine), it has only count- 
ably many height 1 primes. 

Consider an affine prime Goldie non-simple non-PI fc-algebra R of GK dimension 
< 3, where k is an uncountable field. R is an almost PI algebra. We give some 
possible additional conditions which make such an algebra primitive, see Theorems 
12. 6[ 12.71 12.91 and 12.101 This gives a partial answer to Small's question: Let R be an 
affine prime Noetherian fc-algebra of GK dimension 2, where fc is any field. Does it 
follow that R is PI or primitive? 

We also show that the center of i? is a finite dimensional field extension of k 
(Theorem 12. lip , and if, in addition, fc is algebraically closed, then R is stably 
almost PI (Theorem 111131). 



Remember that a just infinite algebra R over a field k is an algebra infinite dimen- 
sional over k whose nonzero two sided ideals have finite codimension. A just infinite 
algebra can be PI or not. A generalisation of a non-PI just infinite algebra was made 
by Rowen who suggested the notion of an almost PI algebra. The notion of an almost 
PI algebra is also known to Small and probably to other researchers as well. 

Let R be an associative algebra with 1 over a field k. R is called an almost PI 
algebra if R is non-PI and R/ 1 is PI for each nonzero two sided ideal / in R. We will 
only deal with algebras over a field, although in some cases we can take a commutative 
Noetherian ring with 1 instead of a field. 

In the first section we shall see some properties of almost PI algebras. 

In the second section we shall try to answer the above mentioned question of Small: 
Does it follow that an affine prime Noetherian fc-algebra R with GK dimension 2 is 
PI or primitive? Artin and Stafford in [2] have shown that this is true if R is graded. 
Bell has shown in ^ that this is false if R is not Noetherian. His example is of 
an affine prime algebra of GK dimension 2 over any field, which is non-PI and has a 
nonzero Jacobson radical (hence not primitive). Smoktunowicz and Vishne's example 
in [29] also has a nonzero Jacobson radical. Bell in [6] has shown that when k is an 
uncountable field, an affine prime Goldie fc-algebra with quadratic growth is PI or 
primitive. His result motivates the more general question: Does it follow that an 
affine prime Goldie fc-algebra R with GK dimension < 3, where fc is an uncountable 
field, is PI or primitive? 

We show that such an algebra R is PI or primitive if, in addition, fc is algebraically 
closed, and there exists a non-algebraic element x E R such that x + P E R/P is 
algebraic over fc, for every prime ideal P with co-GK 1, see Theorem 12.61 When fc is 
not algebraically closed, the existence of such a special non-algebraic element x E R, 
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may not guarantee that R is primitive. Therefore, we add another assumption, see 
Theorem \2.7\ Theorem 12.91 and Theorem 12.101 The proofs are based on ideas from 
the first section, from Farkas and Small's theorem ([HI Theorem 2.2]) and from Bell's 
theorem (P, Theorem 1.1]). 

We also show that if R is an affine prime Goldie non-simple non-PI /c-algebra of GK 
dimension < 3, where k is an uncountable field, then its center is a finite dimensional 
field extension of k (Theorem 12.111) and if, in addition, k is algebraically closed, then 
R is stably almost PI (the i^-algebra R^k K is an almost PI algebra, for every field 
extension K/k. Theorem I2.13p . The proofs are based on [1]. 

In the third section we remark about just infinite algebras. 

1. Basic properties of almost PI algebras 

1.1. Primality. 

Theorem 1.1. If R is an almost PI algebra (not necessarily affine), then R is prime. 

Proof. Otherwise, take A, B nonzero ideals in R such that AB = 0. Let / be a 
polynomial identity for R/A and let g he a. polynomial identity for R/B. We can 
assume / = f{Xi, . . . , Xi) and g = g{Xi, . . . , Xi). Now, Vri, . . . , n G -R we have 
/(fi, . . . , n) = 0, so /(ri, . . .,ri) + A = + A, hence /(n, . . . , n) G A. Simi- 
larly, Vri, ...,rieR g{ri, ...,ri) G B. Therefore Vri, . . . , ^ G R {fg){ri, ■■■,ri) = 
/(ri, . . . ,ri)g{ri, . . . ,ri) G AB = 0, so fg is a polynomial identity for R, which is 
impossible (by definition R is non-PI). □ 

Remark 1.2. This proof also works for a non-PI just infinite algebra (but not for a 
PI just infinite algebra). 

The next is a very simple observation. 

Corollary 1.3. Let R be an almost PI algebra. 

(i) If R is Artinian, then it is simple. 

(ii) // R is Goldie and algebraic, then it is simple. 

Proof. (i) Any prime Artinian ring is simple [211 2.3.9]. 

(ii) Any algebra which is prime Goldie and algebraic is simple. Indeed, in a prime 
Goldie algebra each nonzero two sided ideal contains a regular element [211 
Proposition 3.2.13]. But this regular element is algebraic, hence invertible. 

□ 

There is a criterion for an affine infinite dimensional algebra to be just infinite: 
every nonzero prime ideal has finite codimension, see [71 Corollary 1]. Instead of 
affinity we will assume ACC (ideals) and get the following criterion, which can be 
thought of clS cl corollary to Theorem II. 1[ 

Corollary 1.4. Let R be a weakly Noetherian non-PI algebra. Assume that for every 
nonzero prime ideal P , RjP is PI. Then R is an almost PI algebra. 

Proof. Otherwise, there exists a nonzero ideal / with Rjl non-PI. So T := {0 7^ 
/ < R\R/ 1 is non-PI} 7^ 0. Let Ji C /2 C 73 C . . . be an ascending chain of ideals 
in T. Since R satisfies ACC(ideals), it follows that there exists m > 1 such that 
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Im = = = • • So € T is an upper bound for our chain. Hence Zorn's 
Lemma implies that T contains a maximal element, call it /. 

R/I is an almost PI algebra; Indeed, I & T implies that R/I is non-PI, and 
maximality of I implies that for every I ^ J, R/J is PI, so (R/I) /{J/ 1) = R/J is 
PI. 

Therefore, from Theorem II. 1^ R/I is prime. Hence / is a (nonzero) prime ideal of 
R, so by assumption R/I is PI. We reached a contradiction, so there exists no such 
nonzero ideal I with R/I non-PI. □ 

Of course, a similar criterion can be given for a just infinite algebra. Observe that a 
just infinite algebra A is actually weakly Noetherian. Indeed, let Ji C /2 C 13 C . . . be 

an ascending chain of proper ideals in A. Let / := U/j. A/ Ii A/ 12 . . . A/ 1, 
implies dimk{A/I) < . . . < dimk{A/ 12) < dimk{A/ Ii) < 00, which is impossible. 

Proposition 1.5. Let R he a weakly Noetherian infinite dimensional k-algebra. As- 
sume that for every nonzero prime ideal P, R/P is finite dimensional over k. Then 
R is a just infinite algebra. 

Proof. Just replace in the proof of Corollary IL4I non-PI by infinite dimensional, PI 
by finite dimensional, almost PI by just infinite, and Theorem 11.11 by ^ Theorem 1] 
(which says that a just infinite algebra is prime, whether affine or not). □ 

Next, we mimick an observation of Small ([TTJ Proposition 3.2] or (HI Lemma 2.1]), 
but again instead of affinity we assume ACC(ideals). 

Lemma 1.6. Let R be a weakly Noetherian non-PI k-algebra. Then R has a homo- 
morphia image R which is prime and almost PI. 

Proof Define T := {I < R\R/I is non-PI}. Since R ^ R/0 is non-PI, T ^ 0. Let 
A ^ -^2 ^ -^3 ^ • • • be an ascending chain of ideals in T. Since R satisfies ACC(ideals), 
it follows that there exists m > 1 such that Im = Im+i = Im+2 = ■ ■ ■■ So € T is an 
upper bound for our chain. Hence Zorn's Lemma implies that T contains a maximal 
element, call it I. 

R/I is an almost PI algebra; Indeed, I & T implies that R/I is non-PI, and 
maximality of I implies that for every I Q J, R/J is PI, so {R/I) /{J/ 1) = R/J is 
PI. 

Now there are two ways to see that R = R/I is prime: First, just use Theorem ll.il 
Second, use the following general claim: Let S" be a non-PI algebra. If A and B are 
(nonzero) ideals of S such that S/A and S/B are PI, then AB 7^ 0: Otherwise, AB = 
0. Let / be a polynomial identity for S/A and let g he a polynomial identity for S/B. 
We can assume / = f{Xi, . . . , X;) and g = g{Xi, . . . , X/). Now, Vsi, . . . ,si G S" we 
have /(si, . . . , s/) = 0, so /(si, . . . , si) -\- A = 0-\- A, hence /(si, . . . ,si) & A. Similarly, 
Vsi,...,s, G S g{si,...,si) G B. Therefore, Vri,...,Si G S, {fg){si,...,Si) = 
/(si, . . . , Si)g{si, . . . ,si) G AB = 0, so fg is a polynomial identity for S, which is 
impossible (by assumption S is non-PI). 

In our case, ^ is a non-PI algebra (it is almost PI). Take any nonzero ideals A and 
B in R. R/A and R/B are PI, so from the above claim AB 7^ 0. So -R is prime. 

□ 

Small's observation shows that an affine just infinite algebra is prime (however, any 
just infinite algebra is prime ji. Theorem 1]) and our observation shows that a weakly 
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Noetherian almost PI algebra is prime (however, any almost PI algebra is prime as 
was seen above in Theorem ll.ip . 

1.2. Primitive ideals. In a PI ring every primitive ideal is maximal. Almost the 
same is true in our case: 

Proposition 1.7. If R is an almost PI algebra, then every nonzero primitive ideal is 
maximal. 

Proof. Take a nonzero primitive ideal P in R. R/P is primitive PI so by Kaplansky's 
theorem it is simple. So P is maximal. □ 

The next Proposition says that in an affine almost PI algebra, every nonzero prim- 
itive ideal has finite codimension. This property will be used in Lemma 3.5. 

Proposition 1.8. Let R he an almost PI algebra and let P he a nonzero prime ideal 
in R. Then: 

(i) dimfc(i?/P) < oo ^ P is primitive (=maximal). 

(ii) If R is, in addition, affine: dimA;(-R/P) < oo ^ P is primitive. 

Proof. (i) R/P is prime and dim^ (i?/P) < oo, hence R/P is simple ([20, Corol- 
lary 1.6.30]), so P is maximal, 
(ii) (<^=): R/P is primitive PI so by Kaplansky's theorem it is Artinian. So R/P 
is PI affine and Artinian, hence finite dimensional fi6\ 13.10.3(iv)]. 

□ 

Lemma 1.9. Let R be an affine almost PI algebra. If: 

(i) For each nonzero prime ideal P, dimk{R/P) < oo. 

or more generally: 

(ii) For each nonzero prime ideal P, R/P is algebraic over k. 

Then R is non-PI just infinite. 

Proof. (i) This follows from [T,, Corollary 1] which says that if in an affine infinite 
dimensional algebra each nonzero prime ideal has finite codimension, then the 
algebra is just infinite (of course our algebra is infinite dimensional, since it is 
non-PI). 

(ii) For each nonzero prime ideal P, R/P is an affine algebraic PI algebra, hence 
finite dimensional (Kurosch problem for PI, see 13.8.9(2)]). 

□ 

Form Proposition 11.81 and Lemma 11.91 we get the following corollaries. 

Corollary 1.10. Let R be an affine almost PI algebra. If every nonzero prime ideal 
is primitive, then R is non-PI just infinite. 

Proof. From Proposition ll.8( ii) every nonzero prime ideal has finite codimension. 
Now use Lemma [1.9( i). □ 

Corollary 1.11. Let R be an affine almost PI algebra and assume that it is not 
simple. 

R is non-PI just infinite ■v4> R has classical Krull dimension 1. 
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Proof. (^) Any just infinite algebra (whether PI or not, whether affine or not) has 
classical KruU dimension 1; Indeed, each nonzero prime ideal has finite codimension, 
hence is maximal (see Proposition II .8( 1)). Also any just infinite algebra is prime ([TJ 
Theorem 1]). Actually, since now we are only interested in a non-PI just infinite 
(affine) algebra, we have seen above in Remark 1.2 that such an algebra is prime. 
Hence it is clear that R has classical Krull dimension 1. 

(<^) In view of Lemma ll.9( i) it is enough to show that each nonzero prime ideal 
has finite codimension. Let P be a nonzero prime ideal. Since R has classical Krull 
dimension 1, P must be maximal (otherwise, there exists a maximal ideal Q strictly 
containing P: C P C Q, a contradiction). Now, Proposition ll.8( ii) implies 
dimfc(P/P) < oo. (Another proof for (<^=): Since R has classical Krull dimension 

I, every nonzero prime ideal is maximal. Hence, from corollary II. 101 P is non-PI just 
infinite). □ 

The following proposition shows that over an uncountable field k, an affine (non- 
simple) almost PI algebra has classical Krull dimension 1, if it has only countably 
many primitive ideals and if it has finite classical Krull dimension. 

Remark 1.12. In Rowen's paper [23] The conclusion of Proposition 3.2 that R is 
primitive is true even if R only has a countable separating set (which satisfies the 
additional restriction (4) of that paper) for its nonzero primitive ideals instead of for 
its nonzero ideals. This can be seen directly from the proof there. 

Proposition 1.13. Let R be an affine non-simple almost PI algebra over an uncount- 
able field having only countably many primitive ideals. If R has finite classical Krull 
dimension, then R has classical Krull dimension 1. In other words, there is no such 
algebra R with 2 < kdim(P) < oo, where kdim(P) is the classical Krull dimension of 
P. Moreover, R is non-PI just infinite. 

Proof. By induction on kdim(P) < oo. 

kdim(P) = 2: We shall see that this is impossible. Otherwise, let P be such an 
algebra. Denote all height 1 primes in P by {Pa}a&A and all height 2 primes in P by 
{Qi\p£B- So Spec(P) = {0,Pq,,(5^}- \B\ < from our assumption that there are 
only countably many primitive ideals. Indeed, each height 2 prime must be maximal, 
since the classical Krull dimension of P is 2. (Notice: \A\ < Kg from Proposition 

II. 261) . We claim that each height 1 prime must be maximal: Otherwise, there exists a 
height 1 prime Pa which is not maximal. So Pq, is strictly contained in some height 2 
prime. Let {Qjjie/ be all those height 2 primes which contain P^ (/CP). We shall 
now see that Pa must be primitive, hence by Proposition II . 71 maximal, a contradiction 
to our choice of Pa not being maximal. 

• If |/| < oo: = J{R/Pa) = ^i£i{Qi/ Pa) where R/Pa is semiprimitive by 
primality and the Razmyslov-Kemer-Braun theorem, and since R/Pa is prime 
(of course in a prime ring finite intersections of nonzero ideals are nonzero), 
it follows that must be a primitive ideal of R/Pa- 

• If |/| = Kq: actually in this case we shall see a claim also applicable to |/| < 
oo, so it is possible not to separate to two cases. {Qi/ Po}i£i are all the 
nonzero prime ideals of R/Pa, and each is maximal in R/Pa (since each Qi is 
maximal in P). So {Qi/Pa}iGi are all the nonzero primitive ideals of R/Pa- 
Therefore, taking 7^ ?7j e [Qi/Pa) yields a countable separating set for the 
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nonzero primitive ideals of R/Pa- Since R/ Pa is PI, by Rowen's theorem 
Z{R/Pa) n RyiR 7^ 0, hence we may take 7^ Xj G Z{R/Pa) fl RyiR and 
get a countable separating set for the nonzero primitive ideals of R/Pa with 
elements regular (any nonzero element of the center of a prime ring is regular) 
and commuting with each other. Thus from Theorem 3.3 of [23J this separating 
set satisfies (4) in that paper. Hence we can use Proposition 3.2 there (with 
a little generalisation, as mentioned in Remark I1.12p and get that R/Pa is 
primitive. 

Therefore, each height 1 prime must be maximal. But then obviously primes of height 
2 cannot exist, hence kdim(i?) = 1 (remember that we have assumed that R is not 
simple, so kdim(i?) > 1). 

kdim(i?) = n: We shall see that this is impossible. Otherwise, let R be such 
an algebra. Denote all height 1 primes in R by {-PajagA, all height 2 primes by 
{Q/3}/3e-B? • • • ; all height n — 1 primes by {Fy}^i^M, all height n primes by {Gy}^^!^- 
So Spec(-R) = {0, Pa, Qi3, • • • , F^, G^}. \N\ < Kg from our assumption that there are 
only countably many primitive ideals. Indeed, each height n prime must be maximal, 
since the classical KruU dimension of R is n. (Notice: \A\ < from Proposition 
11.261) . Be careful: we only know that \A\ = \N\ < Kq, but the cardinality of the 
height 2 primes until the height n — 1 primes is not known. We claim that each 
height n — 1 prime must be maximal: Otherwise, there exists a height n — 1 prime 
Ffj^ which is not maximal. So F^ is strictly contained in some height n prime. Let 
{Gi}i^j be all those height n primes which contain (/ C A^). We shall now see 
that Ff^ must be primitive, hence by Proposition 1 1.71 maximal, a contradiction to our 
choice of not being maximal. 

• If |/| < 00: = J{R/F^) = Diizj^Gi/F^) where R/Ff^ is semiprimitive by 
primality and the Razmyslov-Kemer-Braun theorem, and since R/ F^ is prime 
(of course in a prime ring finite intersections of nonzero ideals are nonzero), 
it follows that must be a primitive ideal of R/F^. 

• If |/| = Kq: actually in this case we shall see a claim also applicable to |/| < 00, 
so it is possible not to separate to two cases. {Gj/F^jie/ are all the nonzero 
prime ideals of R/F^, each is maximal in R/F^ (since each Gi is maximal in R). 
So {Gj/F^jig/ are all the nonzero primitive ideals of R/F^. Therefore, taking 
7^ G {Gi/F^) yields a countable separating set for the nonzero primitive 
ideals of R/F^. Since R/F^ is PI, by Rowen's theorem Z{R/F^) fl RyiR 7^ 0, 
hence we may take 7^ G Z{R/ F^) fl RijiR and get a countable separating 
set for the nonzero primitive ideals of R/ F^ with elements regular (any nonzero 
element of the center of a prime ring is regular) and commuting with each 
other. Thus from Theorem 3.3 of [23] this separating set satisfies (4) in that 
paper. Hence we can use Proposition 3.2 there (with a little generalisation, 
as mentioned in Remark I1.12p and get that R/F^ is primitive. 

Therefore each height n — 1 prime must be maximal. But then obviously primes 
of height n cannot exist, hence kdim(i?) < n — 1, so by the induction hypothesis 
kdim(i?) = 1. 

Finally, R is non-PI just infinite from Corollary 11.111 □ 
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Remark 1.14. // one reads carefully the proof of Proposition \1.13\. one sees that 
instead of "affine over an uncountable field", we could assume "the usual dimension- 
cardinality hypothesis" . This is because: 

• "(Notice: \A\ < from Proposition \1.2&\) " : In Proposition \1.2(A affinity is 
needed, but the countability of the height 1 primes is not used in the proof. 

• "We shall now see that Pa must be primitive, hence by Proposition ]!. 1\ maxi- 
mal": In Proposition \1.7\ affinity is not needed. 

• In Proposition 3.2 and in Theorem 3.3 of [23j affiniy is not needed, only 
dimk{R) < l^i^l- 
l.S. Nullstellensatz. Another property of an affine almost PI algebra can be ob- 
tained by using the Razmyslov-Kemer-Braun theorem Theorem 2.57], which says 
that every affine PI algebra has a nilpotent Jacobson radical. 

A Jacobson ring is a ring in which every prime factor ring is semiprimitive. A ring 
R has the radical property if the Jacobson radical of each factor ring of R is nil. 
Each Jacobson ring has the radical property, see [161 9.1.2]. 

Proposition 1.15. Let R be an affine almost PI algebra. For every nonzero prime 
ideal P , R/P is semiprimitive. Therefore, if R is semiprimitive, then it is a Jacobson 
ring. 

Proof. Let P be a nonzero prime ideal oi R. R/P is an affine PI algebra, so by 
Razmyslov-Kemer-Braun theorem J {R/P) is nilpotent. Primality of R/P implies 
J (R/P) = 0. The second part is obvious (remember that we have seen in Theorem 



An algebra R over a field k has the endomorphism property over k if, for each 
simple i?-module M, Endij(M) is algebraic over k. 

An algebra R over a field k satisfies the Nullstellensatz over k ii R has both the 
radical property and the endomorphism property. 

From Proposition ll.8( ii) we get the following proposition. 

Proposition 1.16. If R is an affine almost PI algebra which is not primitive, then 
each simple R-module is finite dimensional over k. Therefore R has the endomor- 
phism property. 

Proof. Take a maximal left ideal L in R. Since we have assumed that R is not 
primitive, core(L) ^ 0. Denote P = core(L). P is a nonzero primitive ideal in R 
therefore, from Proposition II. 8( ii). P has finite codimension. From P = core(L) C L 
we see L/P C R/P, hence {R/P)/{L/P) = R/L is finite dimensional over k. Since 
any simple P-module is isomorphic to R/L where L is a maximal left ideal in R, we 
are done. Finally, R has the endomorphism property: Let M be a simple P-module. 
Endij(M) C Endfc(M) and Endfc(M) is finite dimensional over k (since M is finite 
dimensional over k), so obviously Endfc(M) is algebraic over k. Hence Endij(M) is 
also algebraic over k. □ 

Proposition 11.161 tells us that if an affine almost PI algebra R has a maximal left 
ideal L with dimfc(P/L) = oo, then R is primitive. 

From Proposition IL15I and Proposition 11.161 we get the following corollary. When 
k is uncountable, it is already known that any countably generated A;-algebra satisfies 




□ 
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the NuUstellensatz, see flGl 9.1.8]. Hence, the next corollary adds something new 
only when \k\ < Kq. 

Corollary 1.17. If R is an affine almost PI algebra which is semiprimitive but not 
primitive, then R satisfies the NuUstellensatz. More generally, it is enough to demand 
that J{R) is nil (instead of J{R) = 0). 

Proof. Obvious from Proposition 11.151 and Proposition 11.161 Also the more general 
claim is obvious. □ 

1.4. Countable cofinal subset of ideals. 

Definition 1.18. Fisher and Snider [9J have defined for a prime ring a countable 
cofinal subset of ideals as a countable collection of nonzero ideals, such that any 
nonzero ideal contains an ideal in that collection. 

Definition 1.19. By a separating set S for the nonzero ideals of R we mean a set S 
(0 ^ S) such that for each nonzero ideal I in R, I H S ^ (/). 

The following property of an almost PI algebra (not necessarily affine) will be used 
many times in this paper. 

Proposition 1.20. // R is an almost PI algebra, then R has a countable cofinal 
subset of ideals. Therefore R has a countable separating set for its nonzero ideals. 

Proof. Define for every n,d E N Sn,d '■= (((■5n)'^)(-R)) the two sided ideal generated by 
the set {{snY){R) = {{{snY){ri, . . . ,r„)|rj G R} where s„ is the standard polynomial 
of degree n. Each Sn.d is nonzero, since R is non-PL 

Now take any ^ I < R. R/I is PI, so it satisfies some power of a standard 
polynomial [121 Theorem 13.4.8], assume it to be {snY fo^' some n, d G N. 

Wf,eR/I ((s„)'^)(ri,...,r„) = 0. 

Vr, Gi?((s„)'^)(ri,...,r„) + / = + J, 

Vri G R {{snY){ru . . . ,r„) G /, hence ((s„)'^)(i?) C /, implying Sn,d C /. 

That R has a countable separating set for its nonzero ideals follows at once: just 
choose one nonzero element yn,d from each Sn,d, therefore {yn,d}n,deN is a countable 
separating set. □ 

Remarks 1.21. (i) In an affine almost PI algebra there exists another countable 
cofinal subset of ideals, namely {Tn{R)}nen, where Tn{R) is the two sided ideal 
generated by the set tn{R) = {/(ri, . . . , r^)!/ G id{Mn{k)),ri G R}. Indeed; 
First, each Tn{R) is nonzero, since R is non-PI. Second, take any I < R. 
R/I is affine PI, so it satisfies all polynomial identities o/M„(/c) for some n 
(since J{R/I) is nilpotent and [20], page 216] or [22], Theorem 6.3.16]j.- 

V/ = /(Xi,...,Xj G 2rf(M„(A;)) Vf, G i?// /(ri,...,r„) = 0. Then, 
for every f = f{Xi, . . . ,Xm) G id{Mn{k)) and every rj G R, we have that 
f{ri, . . . , r^) + J = + /, so, for every f = /(Xi, . . . , X^) G id{Mn{k)) and 
every Vi G R, we must have /(ri), . . . ,rm) G /, which means that tn{R) C I, 
hence Tn{R) C /. 

(ii) // a prime Goldie ring R has a separaring set S, then we can assume each 
element in S is regular. This is because we can replace s E S by a regular 
element x G RsR (RsR contains a regular element since it is a nonzero ideal 
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in a prime Goldie ring). Hence any Goldie almost PI algebra has a countable 
separating set of regular elements. 

Remember that if R is any ring which satisfies ACC(semip rimes), then: 

(a) every semiprime ideal is a finite intersection of prime ideals, 

(b) there are only finitely many prime ideals minimal over any ideal. 

(see |18[ Proposition 5.2.3 and Corollary 5.2.4]). 

Using (b) and an idea from [23^ Proposition 2.4] gives the following proposition. It 
is very important for the proofs of Theorem 12. 4[ Theorem 12.61 and Theorem 12.71 

Proposition 1.22. If R is an almost PI algebra satisfying ACC(semiprimes), then 
R has only countably many height 1 primes. 

Proof. From proposition ll.20[ R has a countable separating set for its nonzero ideals, 
denote it S = {sjjjgN- For each RsiR, let Pn, . . . , Pu^i) be those prime ideals of 
R minimal over RsiR. Indeed, there are only finitely many such primes since we 
have assumed that R satisfies ACC(semiprimes). Let $ = {Piu\i G N, 1 < m < 
t(i), Ht(Pj„) = 1}. $ is of course a countable set of height 1 primes. We will see now 
that every height 1 prime belongs to Take any height 1 prime Q. Since 5* is a 
separating set, Sj G Q for some j G N. Therefore RsjR (1 Q. Q must be minimal 
over RsjR from considerations of height {Q is of height 1). Thus Q G $. □ 

Remarks 1.23. (i) In the proof of Proposition n~2E it is enough to have a countable 
separating set for the nonzero height 1 prime ideals of R; However, from Proposition 
\1.2(A R has a countable separating set for all its nonzero ideals. 

(a) If R is an almost PI algebra satisfying ACC(semiprimes), then any infinite 
(necessarily countable, from Proposition 1 1 . 2S\) intersection of height 1 primes is zero; 
Otherwise, there are height 1 primes {Qn}nm ''^'^th flQn 7^ 0. Since flQn is a 
semiprime ideal, it must be a finite intersection of prime ideals, as was mentioned in 
(a) above. Thus there exist Pi, ... , Pm nonzero primes such that Pi fl ■ ■ ■ flPm = nQ„. 
But this is impossible because then Vj G N.- Pi ■ ■ ■ Pm C Pi n ■ ■ ■ fl Pm = flQn ^ Qj, 
which implies {Pi}i<i<m ^ {Qn}, cl contradiction. 

Actually, one sees that in any prime algebra (not necessarily almost PI) which 
satisfies ACC(semiprimes), any infinite (not necessarily countable) intersection of 
height 1 primes is zero. 

From the above remarks we can generalize Proposition 11.221 Instead of an almost 
PI algebra we can take a prime non-PI algebra such that for every nonzero prime 
ideal, its factor ring is PI (or even more generally: for every nonzero height 1 prime 
ideal, its factor ring is PI. This is a generalisation if that algebra does not satisfy 
DCC (primes)). 

Proposition 1.24. Let R be a prime non-PI ring such that: 

(i) For every nonzero prime ideal P , R/P is PI. 

(ii) R satisfies ACC(semiprimes) . 

Then R has only countably many height 1 primes. 

More generally. Instead of (i) we can assume: (i') For every nonzero height 1 prime 
P , R/P is PI, and still R has only countably many height 1 primes. 
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Proof, (i) implies that R has a countable separating set for its nonzero prime ideals. 
Indeed, take a nonzero prime ideal P. R/P is PI, so it satisfies some power of 
a standard polynomial, assume it to be {snY for some n,d G N. Hence Sn^ ^ 
P, where Sn,d '■= {{snY{R)) the two sided ideal generated by the set {snY{R) = 
{{snY{ri, . . . ,r„)|rj G R}. Now just choose one nonzero element yn,d from each Sn,d 
{R is non-PI, so Sn,d 7^ 0). Therefore {yn,d}n,dm is a countable separating set for 
the nonzero prime ideals of R, rename it S" = {sjjjgN. Reading carefully the proof of 
Proposition 11.221 reveals that the same proof works here also, only now S = {sjjigN 
is a countable separating set for the nonzero prime ideals. 

When assuming (i') instead of (i): Just add "height 1" where requiered. □ 

Now we will consider affine almost PI algebras. 

Lemma 1.25. If R is an affine almost PI algebra, then R satisfies ACC(semiprimes). 

Proof. Let ^ Pi G P2 C P3 G ■ ■ ■ be an ascending chain of semiprime ideals 
in R. Then in R/Pi we have P2/P1 G P3/P1 C which is an ascending chain 
of semiprime ideals. This is impossible, since R/Pi is an affine PI algebra, and as 
such it must satisfy the ascending chain condition on semiprime ideals [181 Corollary 
5.2.2]. □ 

The following Proposition is what will actually be used in the proofs of Theorem 
12.41 Theorem 12.61 Theorem 12.71 and Theorem 12.91 

Proposition 1.26. If R is an affine almost PI algebra, then R has only countably 
many height 1 primes. 

Proof. From Lemma 11.251 R satisfies ACC(semiprimes). Now use Proposition 11.221 

□ 

1.5. von Neumann regularity. Notice that affinity is not needed in the following 
theorem. 

Theorem 1.27. // an almost PI algebra R is von Neumann regular, then it is prim- 
itive. 

Proof. R is an almost PI algebra, so it is prime by Theorem 1.1 and has a countable 
cofinal subset of ideals by Proposition 11.201 Now use Corollary 1.2 in [9]. □ 

1.6. Algebraicity. Remember that von Neumann regularity implies semiprimitivity 
pi] 2.11.19(ii)]. It is then interesting to see what happens if instead of von Neumann 
regularity we only assume semiprimitivity. Since now it is a more general question, it 
seems reasonable to add another assumption to compensate for what was lost. Again 
[9] will help us. 

The idea of the proof of the following theorem is taken from the proof of Farkas 
and Small's Theorem |8] Theorem 2.2]. 

Theorem 1.28. Let k be any field and let R be an algebraic almost PI k-algebra. 
Then J{R) or R is primitive. 

Proof. Assume that J{R) = 0. Therefore, each nil left ideal is zero. Hence every 
nonzero left ideal is not nil, so it has a non nilpotent element. By a remark of Rowen 
[231 page 324], every nonzero left ideal of R contains an idempotent different from 
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0,1. i? is prime and has a countable cofinal subset of ideals. Then Theorem 1.1 in [9] 
implies that R is primitive. □ 

Corollary 1.29. Let k be any field and let R be a semiprimitive k-algebra. Assume 
that the following two conditions are satisfied: 

(i) R/I is PI, for every nonzero ideal I in R. 

(ii) R is algebraic over k, 
Then R is PI or primitive. 

Notice that one may consider Corollary 11.291 interesting only when R is not prime 
Goldie (or when R is not a domain). Indeed, an algebraic prime Goldie algebra is 
simple- an explanation is given in the beginning of section 2 (an algebraic domain is 
a division algebra). 

Proof. Assume that R is non-PL Then, from (i), R is an almost PI algebra. So 
Theorem 11.281 implies that R is primitive. □ 

We have already seen the following theorem before (Lemma II. 9p . It is an immediate 
consequence of a solution, for PI rings, to Kurosch problem: 

Theorem 1.30. // an affine almost PI k-algebra R is algebraic, then it is non-PI 
just infinite. 

Proof. Let / be a nonzero ideal of R. R/I is an algebraic affine PI algebra, hence 
finite dimensional [161 13.8.9(ii)]. □ 

In Theorem 1 1 . 3 1 we have taken an algebraic affine almost PI algebra. Now we want 
to see what may make an affine almost PI algebra algebraic. 

Proposition 1.31. Let k be an uncountable field and let R be an affine almost PI k- 
algebra. Assume that R has only countably many primitive ideals. Then R is algebraic 
over k or primitive. 

Proof. The proof is actually Farkas and Small's proof [HI Theorem 2.2]. We only give 
a sketch of it, since in section 2 and in section 3, detailed similar proofs will be given. 
Assume that R is not primitive. We must show that R is algebraic over k. Otherwise, 
there exists a non-algebraic element x E R. Define two subsets of k, A and B, as in 
Theorem 13.11 Notice that: 

• In Theorem 13. H non-PI implies that there are only countably many primitive 
ideals, while here we assume that there are only countably many primitive 
ideals. 

• There as well as here, the countability of B follows from the finite codimen- 
sionality of the nonzero primitive ideals. There the nonzero primitive ideals 
has finite codimension since the algebra is just infinite, while here the nonzero 
primitive ideals has finite codimension since the algebra is affine almost PI, 
see Proposition ll.8( ii). 

From the same arguments as in Theorem l3.lt we get a contradiction (for some nonzero 
primitive ideal Qi, x — X + Qi is, on the one hand, invertible in R/Qi, and on the 
other hand, belongs to a maximal left ideal of R/Qi). Therefore, R is algebraic over 
k. 

□ 
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1.7. Boundedness. Let R be an affine almost PI algebra. For each ideal 7^ / < 
R there exists n = n{I), which depends on J, such that J{R/I)^^^^ = 0. This 
follows from the Razmyslov-Kemer-Braun theorem |T3] which says that every affine 
PI algebra has a nilpotent Jacobson radical. This leads to the following definition. 

Definition 1.32. A ring R is bounded, if there exists some d such that for every 
Oy^I<R, J{R/lY = 0. 

Any such d will be called a nilpotency-bound for R. 

An affine almost PI algebra may or may not be bounded (when there exists no such 
a d). Actually, boundedness of an affine almost PI algebra is a very strong condition, 
as the following theorem shows. A theorem of Passman and Temple or of Farkas, 
helps us to prove it. 

Theorem 1.33. // an affine almost PI algebra R is bounded, then it is non-PI just 
infinite. 

Proof. Take ^ I < R. We must show that dimfc(i?//) < 00. 

Let dhe a nilpotency-bound for R. Theorem 3.3 in Passman and Temple [T7] gives 
what we want, taking their A to be our R/I and their d to be our bound d. 

Theorem 3.3 in |T7] says the following: "Let A be an affine k algebra satisfying 
a polynomial identity, and let d be a fixed integer. If the nil radical of every finite 
dimensional homomorphic image of A has nilpotence degree at most d, then A itself 
is finite dimensional" . 

Indeed our R/I is affine PI. The nil radical of every homomorphic image of R/I 
has nilpotence degree at most d. This is because the nil radical is contained in the 
Jacobson radical, and the Jacobson radical has nilpotence degree at most d, as can 
easily be seen: For ^ / C T < i? {R/I)/{T/I) = R/T J {{R /J) / {T / 1)) = 
J{R/T) J{{R/I)/{T/I)Y ^ J{R/TY = ^ J{{R/I)/{T/I)Y = □ 

Theorem 11.331 shows that if an affine almost PI algebra has a nonzero ideal with 
infinite codimension, then it cannot be bounded. This shows that boundedness is not 
a property that we should expect from an affine almost PI algebra to have. 

Corollary 1.34. // an affine almost PI algebra R is bounded semiprimitive and the 
base field is uncountable, then R is primitive. 

Proof. R is non-PI just infinite from Theorem 11.331 Now use Theorem 2.2 in [8J □ 

Corollary 1.35. If an affine almost PI algebra R is bounded, then its center, Z{R), 
is a field. 

If, in addition, R is not simple, then dim^ Z{R) < 00. 

Proof. Since R is non-PI just infinite, we can use Proposition 2.3 in [4J. □ 

We bring now another proof how boundedness of R implies Z{R) is a field, but with 
no information about dim^ Z{R). We include it here, because it shows that for every 
nonzero prime P, Z{R/P) also a field. However, this is already known, since R/P 
is simple (from Theorem 11.331 R is just infinite, so R/P is prime finite dimensional, 
hence simple). 

Theorem 1.36. // an affine almost PI algebra R is bounded, then Z{R) is a field. 
Moreover, for every nonzero prime P, Z{R/P) is also a field. 
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Proof. The following is an argument applicable to any prime algebra S whose ho- 
momorphic images (except, maybe, S/0) has a nilpotent Jacobson radical and there 
exists a bound of nilpotency. We will prove that for such algebra S, its center is a 
field. 

Since S is prime, each ^ z E Z{S) is regular. Take z E Z{S). It is enough 
to prove that z has an inverse in 5*. Indeed, assume that y E S s.t. zy = yz = 1. 
For every r E S, z{yr — ry) = z{yr) — z{ry) = {zy)r — r{zy) = Ir — rl = 0, so by 
regularity of z we have yr — ry = 0, hence y G Z{S). 

• Step 1: For each n > 1 we have z + Sz"^ G J{S/Sz"'): Fix n. Remember 
J{S/Sz"') = J{S) = {w E S\ for every f G 5 : 1 + fw is left invertible}. 
Let us see why for every f G 5: 1 + is left invertible. Take f E S. 
Define yr '■= 1 — rz + r'^z^ — . . . ± r^-'^z'^~^. yr{l + fz) = yr{l + rz) = 
{1 — rz + r'^z^ — . . . ± r"^^2;"~^)(l + rz) = 1 ± r'^z'^ = 1, so yr is the left in- 
verse of 1 + fz. (Notice that for n = 1: 1 + = 1 + r^; = 1, so it is trivial 
that it has a left inverse, namely itself. Actually , we will need the above only 
in case n > 1). 

• Step 2: Assume > 1 is a bound of nilpotency for 5* and take m > d. From 
step 1, in particular for that m: z + Sz"^ G Ji^S/Sz^). Then, z'^ + Sz"^ = 
[z + Sz^'Y G JiS/Sz"'^ = = + Sz"", so z'^ G Sz"". Hence, z^ = rz"" for 
some r E S, and we have (1 — rz"^~'^)z'^ = z'^ — rz™' = 0. Finally, since z is 
regular 1 — rz"^~'^ = 0, so rz"^~'^ = 1 and z is invertible in S. 

For the second argument: Take a nonzero prime ideal P. R/P has the property 
that each of its homomorphic images has nilpotent Jacobson radical and there exists 
a bound of nilpotency (the bound for R holds for R/P), so we can use the above 
argument to show that Z{R/P) is a field. □ 

Corollary 1.37. // an affine almost PI algebra R is hounded, then each nonzero 
prime ideal is maximal. 

Proof. Actually, this follows immediately from Theorem ll.33[ which says that R is just 
infinite. Indeed, if P is a nonzero prime ideal, then R/P is prime finite dimensional, 
hence simple. 

Let us present another argument: Let P be any nonzero prime ideal in R. From 
Theorem ll.36[ Z{R/P) is a field. Since R/P is prime PI, it follows from Rowen's 
Theorem that R/P is simple, so P is maximal. □ 

A somewhat similar idea is that of degree-boundedness: 

Definition 1.38. An almost PI algebra (not necessarily affine) is degree-bounded, if 
there exists some d such that for every ^ I <R, R/I satisfies a polynomial identity 
of degree d. Any such d will he called a degree-bound for R 

However, degree-boundedness seems too strong to require, as can, for example, be 
seen from the following proposition. 

Proposition 1.39. Let R he an almost PI algehra. If R is degree-hounded and 
semiprimitive, then it is primitive. 

Proof. Otherwise, is not primitive, so J{R) = ClQx where each Qx is a nonzero 
primitive ideal. But J{R) = 0, hence R Y[R/Q\, a contradiction (reason: if d is a 
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degree-bound for i?, then Y[R/Qx satisfies a polynomial identity of degree d, hence 
R satisfies a polynomial identity of degree d, which is impossible). □ 

1.8. Stably almost PI. This subsection is based on Notice that affinity is not 
always needed. Luckily, some (but not all) of the theorems in [1] which deals with a 
non-PI just infinite algebra are still true if we take an almost PI algebra instead. 

Definition 1.40. Let R be an almost PI algebra over a field k. R is stably almost 
PI if the K -algebra R^k K is an almost PI algebra, for every field extension K/k. 

From now on, let C{R) denote the extended center of R and Z{R) denote the center 
of R. 

Theorem 1.41. Let R be an almost PI algebra over an algebraically closed field k 
with Z{R) = k. Then R is stably almost PI 4^ R is centrally closed (this means 
C{R) = Z{R)). 

Proof. Reading carefully the proof of Theorem 3.4 in [1] reveals that their proof also 
works here. Of course minor changes must be done in their proof: When R is simple 
it is centrally closed. R is stably almost PI since R®k K is simple for every field 
extension i^/fc, hence almost PI. 

In the notations of [4j (the only difference in notations is that our R is their A): 
(<^=) When R is centrally closed J is still a nonzero ideal of R. R/ J is PI (since R 
is almost PI) and K is PI, therefore, from Theorem 2.4], {R/ J) ®k K is PI. Since 
(i? ®fc K)/I {R ®k K)/{J ®k K) = (R/J) 0k K, we see that {R 0k K)/I is PI (as 
a homomorphic image of a PI ring). 

(^) Supposing R is stably almost PI but not centrally closed, all the arguments in 
[1] are valid here untill the last three lines: R embeds in B/{a + th) {B := R ®a; k{t)). 
R is stably almost PI so B/{a + tb) is PI. Thus, R is PI, a contradiction. □ 

As in [1] , one gets the following propositions: 

Proposition 1.42. Let R be an almost PI k-algebra. Then R is stably almost PI 
the C{R) -algebra R 0^ C{R) is almost PI. 

Proof. See Proposition 3.5 in □ 

Proposition 1.43. Let R be a primitive almost PI k-algebra, where k is an alge- 
braically closed field. If R satisfies the Nullstellensatz, then R is stably almost PI. 

Proof. See Proposition 4.3 in [1]. □ 

Next we consider countably generated almost PI algebras. 

The following proposition is immediate from a theorem of Rowen and Small. 

Proposition 1.44. Let R be a countably generated almost PI k-algebra. If R is 
Goldie and k is uncountable, then C{R) is algebraic over k. 

Proof. Use Theorem 1 in |24j , which says the following: " Suppose i? is a prime Goldie 
algebra over a field k. If dimA;(-R) < \k\, and the nonzero prime ideals of R have a 
separating set of some cardinality 7 < \k\, then C{R) is algebraic over k" . Of course 
our R is prime (Theorem II. ip . dimk{R) = < 1^1; and the nonzero (prime) ideals 
of R have a separating set of cardinality 7 = < (Proposition ll.20|) . □ 
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We can remove the assumption that R is Goldie and still conclude that C{R) is 
algebraic over k. Actually more can be said: 

Proposition 1.45. Let R he a countahly generated almost PI k- algebra. Then C{R) 
is a countable dimensional field extension of k. Therefore, if k is uncountable, then 
C{R) is algebraic over k. 

Proof. From Proposition 6.2 and Remark 6.3 in [4J, C{R) is a countable dimensional 
field extension of k. If k is uncountable, Amitsur's trick yields that C{R) is algebraic 
over k (remember that C{R) is a field, hence for each x G C{R) — k, {x — Xl}\^k are 
all invertible, etc.). □ 

Corollary 1.46. Let R be a countably generated almost PI k- algebra and let k be an 

uncountable algebraically closed field. Then R is stably almost PI. 

Proof. From Proposition II .45[ C{R) is algebraic over k. But k is algebraically closed, 
hence C{R) = k. Therefore C{R) = Z{R) = k, so R is centrally closed. Theorem 
11.411 shows that R is stably almost PI. □ 

The uncountable hypothesis in Corollary 11.461 is necessary, since there exists an 
affine almost PI algebra over a countable algebraically closed field k which is not 
stably almost PI; just take the algebra A from the example in Indeed, the algebra 
A is non-PI just infinite affine over a countable algebraically closed field k and it is 
not centrally closed. Hence A is not stably almost PI by Theorem 11.411 

Notice that Proposition II. 44[ Proposition ll.45l and Corollary 1 1 . 46 1 can be generalised 
to "the usual dimension-cardinality hypothesis": 

Proposition 1.47 (generalised Proposition 1.44). Let R be an almost PI k- algebra 
with dimfc(i?) < \k\. If R is Goldie, then C{R) is algebraic overk. 

Proof. Use Theorem 1 in |2l]. Observe that indeed, the nonzero (prime) ideals of R 
have a separating set of cardinality 7 = ^ dimk{R) < \k\ (Proposition II . 20i) . □ 

Again, we can remove the assumption that R is Goldie and still conclude that C{R) 
is algebraic over k: 

Proposition 1.48 (generalised Proposition 1.45). Let R be an almost PI k-algebra. 
//dimfc(-R) < then C{R) is algebraic over k. 

Proof. Use Proposition 6.2 in jl] to get dim^ C{R) < dimfc(i?). If dimfc(_R) < \k\, then 
diiRk C{R) < dimfc(-R) < \k\ and Amitsur's trick implies that C{R) is algebraic over 
k. □ 

Corollary 1.49 (generalised Corollary 1.46). Let R be an almost PI k-algebra. If 
dimfc(i?) < \k\ and k is an algebraically closed field, then R is stably almost PI. 

Proof. From Proposition II. 48[ C{R) is algebraic over k. But k is algebraically closed, 
hence C{R) = k. Therefore C{R) = Z{R) = k, so R is centrally closed. Theorem 
11.411 shows that R is stably almost PI. □ 

Finally, Proposition 2.3 in [4j says the following: "Let A be a non-PI just infinite 
fc-algebra that is not simple. Then Z{A) is a finite dimensional field extension of k" . 

In the proof there, after knowing that Z{A) is a field, non-simplicity of A guarantees 
that dimfc(Z(A)) < 00. 
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For an almost PI algebra we have a similar result, but the proof is different. Also 
notice that for an almost PI algebra we assume, in addition, that dimk{R) < l^i^l- 

Proposition 1.50. Let R be an almost PI k-algebra with dimfc(i?) < \k\. Then Z{R) 
is afield extension ofk. 

If R has a nonzero proper ideal which has finite codimension (for example: if R is 
affine and not simple), then Z{R) is a finite dimensional field extension ofk. 

Proof. Since R is an almost PI /c- algebra with dimk{R) < |^|, C{R) is algebraic over k 
(Proposition ll.48"|) : hence Z{R) C C{R) is algebraic over k. Primality of R (Theorem 
ll.ip implies Z{R) is a domain. Therefore, Z{R) is a field. 

Let / be a nonzero proper ideal of R with dimfc(-R//) < oo. Since Z{R) is a field, 
/ n Z{R) = 0. Therefore, the natural projection R — > R/I induces an injection 
Z{R) ^ R/I, so dimk Z{R) < dimk{R/I) < oo. 

In the special case where R is affine and not simple: From Zorn's Lemma, there 
exists a maximal ideal Q. Q is nonzero (otherwise, R would be simple). As an affine 
almost PI algebra dimk{R/Q) < oo (remember Proposition [LS^ii)). □ 

Corollary 1.51. Let R be an almost PI k-algebra with dimk{R) < \k\ and k is 
algebraically closed. If R has a nonzero proper ideal which has finite codimension (for 
example: if R is affine and not simple), then R is central (Z{R) = k). 

Proof. Immediate from the above proposition. □ 

2. An affine prime Goldie algebra with GK dimension <3 over an 

uncountable field 

Let R be an affine prime Goldie fc- algebra with GK dimension < 3, where k is an 
uncountable field. We want to know when such an algebra is PI or primitive. 

If such an R is algebraic, then it is simple. This is because any algebraic prime 
Goldie algebra is simple; Indeed, in a prime Goldie algebra each nonzero two sided 
ideal contains a regular element. This regular element is algebraic, hence invertible 
(actually, we have already seen that explanation in Corollary II. 3l (ii)). 

If such an R is von Neumann regular, then it is simple. Indeed, a Goldie von 
Neumann regular algebra is Artinian, see pTl Corollary 2.16], and a prime Artinian 
algebra is simple, see [HI 2.3.9]. 

In the following subsections we will bring some partial answers to Small's question, 
namely, that a non-PI such R is primitive when: 

(1) There exists a non-algebraic element x & R, such that x+P G R/P is algebraic 
over k, for every prime ideal P with co-GK 1, and k is algebraically closed. 

(2) There exists a non-algebraic element x E R, such that x+P G R/P is algebraic 
over k, for every completely prime ideal P with co-GK 1, and x + P & R/P 
is nilpotent, for every prime ideal P with co-GK 1, which is not completely 
prime. 

(3) There exists a non-algebraic element x & R, such that x+P G R/P is algebraic 
over k, for every prime ideal P with co-GK 1, and also for every such prime 
P, one of the following two conditions is satisfied: 

— the polynomial ring Z{R/P)[t] has the property (*) 12.81 

— the center of the classical (Goldie) ring of quotients of R/P, Z{Q{R/P)), 
is isomorphic to k{X). 
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First we give two easy lemmas. 

Lemma 2.1. Let R be a prime Goldie k-algebra with dimk{R) < \k\. Then R is 
semiprimitive. 

Proof. dimk{R) < \k\ implies J{R) is algebraic over k (use Amitsur's trick). Prime 
Goldie implies that each nonzero two sided ideal contains a regular element. 

Hence, if J{R) 7^ 0, then J{R) contains a regular element, x. That x is also 
algebraic over k. Therefore, x is invertible, which is impossible. □ 

Lemma 2.2. Let R be an affine prime Goldie (non-simple) non-PI k-algebra with 
GK dimension < 3, where k is an uncountable field. Then 

(a) R is an almost PI algebra. 

(b) R has only countably many height 1 primes. 

(c) a nonzero prime ideal P can be one of the following three kinds: 

(1) First kind: Ht(P) = 2, GKdim(i?/P) = 0.' P is necessarily maximal. 

(2) Second kind: Ht(P) = 1, GKdim(P/P) = 0.' P is necessarily maximal. 

(3) Third kind: Ht(P) = 1, GKdim(P/P) = 1.- P is necessarily not primi- 
tive. 

Proof. (a) Take a nonzero ideal / of R. Since R is prime Goldie / contains 
a regular element. Therefore, from [T?l Proposition 3.15], GKdim(P//) < 
GKdim(P) — 1. Hence, from Bergman's gap theorem ^1 Theorem 2.5], 
GKdimjp/J) e {0, 1}, so R/I is PI (use [25]). 

(b) Use (a) and Proposition 11.261 

(c) This follows from Corollary 3.16 in [T3] which says: "Let A be a fc-algebra 
whose prime factor rings are right Goldie. If P is a prime ideal of A, then 
GKdim(y4) > GKdim(74/P) + Ht(P)". Indeed we can use that corollary since; 
(i) from (a) R is an almost PI algebra, hence prime (Theorem II. ip and we 
have assumed that R is Goldie. (ii) a prime PI ring is Goldie (|16, 13.6.6(i)]). 

Let P be a prime of the first or of the second kind. Then R/P as a prime 
finite dimensional algebra is simple, so P is maximal. Let P be a prime of the 
third kind. P is necessarily not primitive; otherwise, as a nonzero primitive 
ideal in an affine almost PI algebra, it must have finite codimension (see II. 8p . 
a contradiction. 

□ 

Notice that as a corollary to Lemma 12. 2[ one gets Lemma 2.8 of Bell's paper [6] 
which says the following: " Let k be an uncountable field and let A be a finitely gener- 
ated prime Goldie fc-algebra of GK dimension two that does not satisfy a polynomial 
identity. Then A has at most countably many height one prime ideals Q with the 
property that A/Q is finite dimensional as a vector space". Indeed, from Lemma 
12.2( b). A has only countably many height 1 primes. Also notice that Lemma [2.2( b) 
tells us a little more; not only that there are only countably many height 1 primes 
with finite codimension, but also that there are only countably many height 1 primes 
with infinite codimension. This fact is crucial for the proof of Theorem 12.61 and for 
the proof of Theorem 12.71 Bell's lemma is enough for Theorem 12. 4[ since there we 
assume that there are only finitely many height 1 primes with infinite codimension. 

Another corollary is the following, which will be used in the third section. 
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Corollary 2.3. Let R be as in Lemma \2. SI If R has a third kind prime, then there 
are uncountably many first kind primes. 

Proof. Otherwise, there are only countably many first kind primes. Hence, for a 
third kind prime P there are only countably many first kind primes which contain it, 
denote^them {Qi}i<.i where |/| < Kq. Obviously Spec(i?/P) = {0}U{(Qi/P)}ig/ with 
each Qi/P a. maximal ideal. So R/P has a countable separating set for its nonzero 
primitive ideals; just take any nonzero Xj G Qi/P- Actually, since R/P is prime PI, 
we can choose nonzero yi G Qi/ P H Z{R/ P). But then, a theorem of Rowen [23l 
Proposition 3.2] implies that R/P is primitive, a contradiction (P, as a third kind 
prime, is necessarily not primitive). □ 

2.1. There are only finitely many prime ideals with co-GK 1. Let R be an 

affine prime Goldie non-simple non-Pl A;- algebra with GK dimension < 3, where k is 
an uncountable field. One can ask what happens in the special case when R has only 
finitely many prime ideals P with GKdim(P/P) = 1 (since such primes are of height 
1, the above Lemma [2.2r b) shows that there are only countably many of them). The 
answer is: R must be primitive. This answer is already known and brought in Bell's 
paper [6l page 832]. However, we bring its proof now. 

Theorem 2.4. Let R be an affine prime Goldie non-simple non-PI k-algebra with 
GK dimension < 3, where k is an uncountable field. Asuume that R has only finitely 
many prime ideals P with GKdim(P/P) = 1. Then R is primitive. 

Proof. Lemma 122] tells us that R can have three kinds of nonzero primes; we shall call 
them primes of the first, second and third kind, as in Lemma [2.21 So our assumption 
here is that R has only finitely many third kind primes. 

First option: There are no third kind primes. Since there are no third kind primes, it 
follows that there are no first kind primes (a first kind prime must contain a third kind 
prime, but there are no third kind primes). So, Spec(P) = {0, second kind primes}. 
Now we can apply [T, Corollary 1] which says that if in an affine infinite dimensional 
algebra each nonzero prime ideal has finite codimension, then the algebra is just 
infinite, and get that R is just infinite. From Lemma 12.11 our R is semiprimitive, 
so from Farkas and Small's theorem [HI Theorem 2.2] (which says that an affine 
semiprimitive just infinite algebra over an uncountable field is PI or primitive), it 
follows that R is primitive. 

Second option: There is at least one third kind prime. By assumption, there are 
only finitely many third kind primes, denote them {Pi, . . . , P^}. Denote the first 
kind primes by T = (From Corollarv 12.31 1$| > Kq)- Denote the second kind 

primes by T = {Qi}ieM- From Lemma [2^ b) \M\ < Kq. 

(a) \M\ < Kq: Then it is immediate that R is primitive; 

Otherwise, = J(P) = (flQ^) fl (flQi) 3 (Pi n ■ ■ ■ fl P^) fl (nQi) ^ 0, where 
(Pi n ■ ■ ■ n Pd) n (nQj) 7^ since it is a finite intersection of nonzero ideals in a prime 
ring, a contradiction. So is a primitive ideal of R. 

(b) \M\ = Kq: The nonzero primitives are exactly the primes of the second and of 
the first kind: T U T = {QijieM U {Q^}^e'S>- 

R is prime so Pi fl ■ • • fl P^ 7^ 0. As a nonzero two sided ideal of a prime Goldie 
ring. Pi n • • ■ n Prf contains a regular element, call it y. This y is not algebraic over k 
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(Otherwise, y is regular and algebraic, hence invertible. But then Pi fl ■ ■ ■ fl = i?, 
a contradiction). 

Define two countable subsets of k: 

A := {a (z k\ y — a is left invertible in R}: Indeed, from Amitsur's trick A is 
countable {y is non-algebraic). 

P := {/9 G k\ there exists i E M such that y — (3 + Qi E R/Qi 
is not invertible in R/Qi}: Indeed, Vi G M R/Qi ^ Endk{R/Qi) = Mdimfc(ij/Qo(^)- 
Therefore, there exists only finitely many P E k (=the roots of the characteristic 
polynomial of y + Qi G R/Oi ^ Endk{R/Qi) = Mdimfc(/?/Q,)(^)) ^^'^^ ^^^^ y-f^ + Qi = 
{y + Qi) — {f3 + Qi) is not invertible in R/Qi, denote them B{i) = {f3{i)i, . . . ,/3(i)m,.}. 
Then P = UjgAf-B(i), which is countable. 

Next, define E := k — {AU B). E is uncountable. 

Take any nonzero A G P. 

y — \ is not left invertible in R (since \ ^ A). Hence R{y — X) C. R, so there exists 
a maximal left ideal L such that R{y — A) C L. ann/j(P/L) is a primitive ideal of R. 
There are two options for annij(P/L): 

(I) ann/j(P/L) = 0. Then R is primitive. 
(II) annnip/L) ^ 0. Hence amiR{R/L) eTuf. 

We shall now see that ann/j(P/L) G T U T is impossible: 

(1) annij(P/L) G T: So annR(P/L) = Qi for some z G M. 

Qi = annij(P/L) = core(L) C L. We have an impossible situation: On 
the one hand, y — X + Qi is invertible in R/Qi (since A ^ P). On the 
other hand, y — X + Qi G L/Qi C R/Qi, where L/Qi is a maximal left 
ideal of R/Qi- So annR(P/L) G T cannot be true. 

(2) ann/j(P/L) G T: So ann/j(P/L) = for some G $. There exists 
1 < J < such that Pj C = annij(P/L) = core(L) C L. We have an 
impossible situation: On the one hand, y — X + Pj is invertible in R/Pj-. 
y-X+Pj = {y+Pj) + {-X+Pj) = {0+Pj) + {-X+Pj) = -A+P, (we have 
taken y G Pi n • ■ ■ n P^ C Pj). On the other hand, y - X + Pj E L/Pj C 
R/Pj, where L/Pj is a maximal left ideal of R/Pj. So ann/j(P/L) G T 
cannot be true. 

Hence only (I) is possible, so R is primitive. □ 

As a special case of Theorem 12.41 consider the following algebra. Remember that 
an ideal P in a ring R is completely prime, if R/P is a domain. 

Corollary 2.5. Let R be an affine prime Goldie non-simple non-PI k-algebra with 
GK dimension < 3, where k is an uncountable algebraically closed field. Assume that 
every prime ideal P with GKdim(P/P) = 1 is completely prime. Then R is primitive. 

Proof. From Lemma [2^ P has only countably many primes P with GKdim(P/P) = 1. 
There are two options: 

(i) P has only finitely many primes with co-GK 1. 

(ii) P has countably many (infinite) primes with co-GK 1. But this option is 
impossible: An affine domain with GK dimension 1 over an algebraically 
closed field must be commutative (this claim is a consequence of a theorem 
of Small and Warfield ^26j and a theorem of Tsen). Hence, for every prime 
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ideal P with GKdim(i?/P) = 1, R/P is commutative. From Remarks 11.231 
and Lemma ll.25[ the intersection of those primes is zero. But then R is 
commutative, a contradiction [R is non-PI). 

Therefore, only option (i) is possible. Now Theorem 12.41 implies that R is primitive. 

□ 

2.2. There exists a non-algebraic element with algebraic images. Continue 
to assume that R is an afiine prime Goldie non-simple non-Pl /c-algebra with GK 
dimension < 3, where k is an uncountable field. 

In the following theorem 12. 6^ we show that R is primitive, if, in addition: 

• k is algebraically closed. 

• R has a non-algebraic element x G i? such that for every prime ideal P with 
GKdim(i?/P) = 1, x + P G R/P is algebraic over k. 

If R has only finitely many prime ideals P with GKdim{R/P) = 1, then R is primitive 
even without the assumptions that k is algebraically closed and that R has a non- 
algebraic element x such that for every prime ideal P with GKdim(P/P) = 1, x + P G 
R/P is algebraic over k, as was proved in Theorem 12.41 So if that is the case, then 
we are done. 

Therefore, our assumptions that k is algebraically closed and that R has such a 
special element are crucial when there are countably many (infinite) such primes. 
Notice: 

(1) When R has only finitely many prime ideals P with GKdim(P/P) = 1, then 
there exists a non-algebraic element x G P such that for every prime ideal P 
with GKdim(P/P) = 1, x -|- P G R/P is algebraic over k: (If R has no such 
primes, then R is just infinite, this was explained in the beginning of the proof 
of Theorem 12. 4[ in First option, and then R is primitive). Denote the primes 
with co-GK 1 by {Pi, . . . , P^}. Since R is prime Goldie, there exists a regular 
element x G Pi fl ■ ■ ■ fl P^ which is necessarily non-algebraic. Obviously, for 
every 1 < j < (i, x + Pj- = + P,- is algebraic over k. 

But if R has infinitely many prime ideals P with GKdim{R/P) = 1 (nec- 
essarily countably many such primes, see Lemma [2.2( b)). then it seems to be 
yet unknown if R must have such a special non- algebraic element x. 

(2) In general, there exist non-algebraic algebras having a non-algebraic element 
whose image in every nonzero prime is algebraic. For example: k[X] or any 
non-algebraic just infinite algebra. Indeed, if x is a non- algebraic element in a 
just infinite algebra, then for every nonzero two sided ideal / (prime or not), 
X -|- / G R/I is algebraic over k. {R/I is finite dimensional, therefore every 
element in R/I is algebraic, in particular x + J). 

(3) We could have imposed a more restrictive assumption than the assumption 
that R has a non-algebraic element x such that for every prime ideal P with 
GKdim(P/P) = 1, x -|- P G R/P is algebraic over k, namely that R is an 
almost algebraic algebra. 

By definition, an almost algebraic algebra is an algebra R over a field k 
which is non- algebraic over k, but R/I is algebraic over k, for every nonzero 
two sided ideal I of R. Examples of an almost algebraic algebra are k[X] or 
any non-algebraic just infinite algebra. 
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An almost algebraic algebra R satisfies the above assumption: R is non- 
algebraic over k] hence there exists a non-algebraic element x E R. For every 
nonzero two sided ideal / of R, R/I is algebraic over k, so, in particular, 
X + I E R/I is algebraic. 

(One can easily show that an almost algebraic algebra R is prime: Let 
X E R he non-algebraic. If R is not prime, then there exist A, B nonzero 
ideals such that AB = 0. But, R/A is algebraic, so f{x + A) = + A for 
some fit) G k[t], implying /(x) G A. Similarly, g{x) E B for some g(t) G k[t]. 
Therefore, {fg){x) = f{x)g{x) G AB = 0, a contradiction to our choice of a 
non-algebraic x). 

However, an affine almost PI algebra R which is also almost algebraic is just 
infinite; Indeed, for every nonzero two sided ideal I of R, R/I is an algebraic 
affine PI algebra, hence finite dimensional (Kurosch problem for PI, see [TBI 
13.8.9(2)]). 

Theorem 2.6. Let k be an uncountable algebraically closed field and let R be an 

affine prime Goldie non-simple non-PI k-algebra with GK dimension < 3. If R has a 
non-algebraic element x such that x + P E RjP is algebraic over k, for every prime 
ideal P with GKdim{R/P) = 1, then R is primitive. 

Proof. If there are only finitely many primes with co-GK 1, then we are done. 

So assume that there are infinitely many such primes (necessarily countably many). 
Denote them by {PjjjeN (third kind primes). Denote the first kind primes by T = 
{Q'fi}ip£^- Denote the second kind primes by T = {Qi}i<zM. From Lemma 12.2( b) 
\M\ < Kq. Define three countable subsets of k. 

A := {a E k\ X — a is left invertible in R}: Indeed, from Amitsur's trick A is 
countable (By assumption, x is non-algebraic). 

B := {[3 E k\ there exists i E M such that x — (3 + Qi E R/Qi 
is not invertible in R/Qi}: Indeed, ^i E M R/Qi ^ Endfc(i?/Qj) = Mdimfe(ij/Qo(^)- 

Therefore, there exists only finitely many (5 E k (=the roots of the characteristic 
polynomial of x+Qi E R/Oi ^ En<lk{R/Qi) = Mdimfc(ij/Qo(^)) ^^^^ ^^^^ x-fi + Qi = 
{x-\-Qi) — {(3 + Qi) is not invertible in R/Qi, denote them B{i) = {f3{i)i, . . . ,(3{i)mi}- 
Then B = UjgM-S(i), which is countable. 

C := {7 G k\ there exists i eN such that x — •y -\- Pi E R/ Pi 
is not invertible in R/ Pi]: Indeed, G N, -R/Pj is a prime PI algebra, hence can be 
embedded in a matrix ring over a field extension of k: R/ Pi M„-(Lj), where Lj is 
a field extension of k. 

We have assumed that x + Pi E R/Pi is algebraic over k, so let fi{t) E k[t] be 

such that fi{x + Pi) = -|- Pi. Now think oi x + Pi E R/ Pi M„-(Lj) as a matrix 
over Li. Obviously, fi{pi{x + Pi)) = pi{{fi{x Pi)) = Pi{0 Pi) = 0. Hence, the 
minimal polynomial of pi{x + Pi), call it mi{t) E Li[t], divides fi{t). Remember 
we have assumed that k is algebraically closed, so clearly mi{t) E k[t]. But then 
the characteristic polynomial of pi{x -\- Pi), call it Ci{t) E Li[t] must also be over k, 
Ci{t) E k[t]. Let C{i) = {7(^)1, . . . ,-y{i)m,} be the roots of Ci(t) (of course, C{i) C k). 
Therefore, for any 7 G k — C{i), x — '~f -\- Pi = {x + Pi) — (7 + Pi) is invertible in 
R/Pi] Indeed, x + Pi algebraic over k implies that x — •y -\- Pi = {x -\- Pi) — {y -\- Pi) is 
algebraic over k (this trivial claim is obviously true for any y E k, but immediately 
we will need the particular choice of y E k — C{i)). x — j Pi = {x + Pi) — {•y -\- Pi) 
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algebraic over k implies that the characteristic polynomial of Pi(a; — 7 + Pi) is over k, 
call it Ci^{t) (of course, the argument is exactly as the argument for Ci(t) to be over 
k). 

So, let Ci,^(t) = (-1)"'^' + + ... + Wt + bo with bn,-u ...,bubo G k. 

From Cayley-Hamilton theorem, Ci^^{pi{x — 7 + Pi)) = 0: (*) (— l)"'(pj(a; — 7 + 
Pi))"' + &n,-i(Pi(a: - 7 + Pi))'"'-^ + ... + - 7 + P,)) + 60 = 0. Of course, 

60 = det(pi(x - 7 + Pi)). 

Now, since 7 G A; is not a root of Ci(t), ^(7) G A; — 0. So, k — 3 Ci{j) = 
det{pi{x + P,) - 7/) = det(pi(x + Pi) - pi(7 + Pi)) = (det(pi((x + P,) - (7 + Pi)) = 
det(pi(x - 7 + Pi)) = bo. 

Therefore, (*) shows that {{-bo)-^) {{-!)''' {pi{x - 7 + Pi))"'-^ + bn^_i{pi{x - 7 + 
_|_ _ _ _|_ 5^/)(p.(3; — 7 + P-)) = SO the inverse of pj(x — 7 + Pj) is 

((-^o)-')((-l)"'(A(a; - 7 + P^))"'-' + bn,.i{p,{x - 7 + Pi))"^-' + . . . + bj). 

From this we can conclude that in R/Pi, x — 'y + Pi is invertible with inverse 
((-&o)-')((-l)"^(x - 7 + i'i)"'"' + - 7 + Pi)"'"' + • • • + &1I) e P/Pi (we use 

the fact that p, is injective). 

Of course, for 7 G C(z): = ^(7) = det(pj(x + Pi) - 7/) = det(pi(x + Pi) - pi{^ + 
Pi)) = (det(pi((a; + Pi) - (7 + Pi)) = det(pi(x - 7 + Pi)), so pi{x - + Pi) is not 
invertible in M„. (Lj), which implies that a; — 7 + Pj cannot be invertible in R/Pi. 
Summarizing, C = Uifz^C{i), which is countable. 

Notice: The argument that C is countable could also be used to show that B is 
countable (but not vice versa). We separated to two sets B and C (according to 
the two different options for a height 1 prime to have finite or infinite codimension, 
respectively), for two reasons; First, it seems better to give an easier argument where 
possible. Second, in Theorem 12.71 it will be clear that the argument that the set C 
there (which is defined a little differently from the set C here) is countable cannot 
necessarily be used to show that B is countable. 

Next, define E := k — {A U B U C) . E is uncountable. Take any nonzero A G 
X — A is not left invertible in R (since X ^ A). Hence R{x — A) C P, so there exists 
a maximal left ideal L such that R{x — A) C L. ann;^(P/L) is a primitive ideal of R. 
There are two options for ann/j(P/L): 

(I) ann/{(P/L) = 0. Then R is primitive. 
(II) amiR{R/L) ^ 0. Hence aimR{R/L) eTuf. 

We shall now see that ann/j(P/L) G T U T is impossible: 

(1) annij(P/L) G T: So anni:j(P/L) = Qi for some i G M. 

Qi = annij(P/L) = core(L) C L. We have an impossible situation: On 
the one hand, x — X + Qi is invertible in R/Qi (since X ^ B). On the 
other hand, x — X + Qi G L/Qi C R/Qi, where L/Qi is a maximal left 
ideal of R/Qi. So ann/j(P/L) G T cannot be true. 

(2) ann/j(P/L) G T: So ann/j(P/L) = Q^ for some G $. There exists 
i G N such that Pi C Q^ = ann/j(P/L) = core(L) C L. We have an 
impossible situation: On the one hand, x — A + Pj is invertible in R/Pi 
(since A ^ C). On the other hand, x — A + Pj G L/Pi C R/Pi, where 
L/Pj is a maximal left ideal of R/Pi. So annij(P/L) G T cannot be true. 



Hence only (I) is possible, so R is primitive. 



□ 
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2.3. There exists a non-algebraic element with nilpotent images. One may 

wish to take in Theorem 12.61 an uncountable field which is not necessarily algebraically 
closed. Going back to the proof of Theorem 12.61 shows that the assumptions that k is 
algebraically closed and R has such a special non-algebraic element x, guarantees that 
for every height 1 prime /, the characteristic polynomial ofx + lG-R/lM- Mnj{Lj), 
Ci{t), is over k. (If GKdim(i?//) = 1, then c/(t) is apriori over Lj). This (and the fact 
that the characteristic polynomial of x — /x + / is over k, for any fi & k) guarantees 
that for every A G A; — Dj, x — X + I is invertible in R/I {Dj is the set of roots of 
c/(t)). Now, without assuming that k is algebraically closed, we also want to find for 
every height 1 prime /, a finite (or countable) subset of k, call it Ej, such that for 
every A G A; — Ej, x — A + / is invertible in R/I. 

• For the height 1 primes with finite codimension, this is immediate; just choose 
any non-algebraic element x E R and take Ej to be the roots of the charac- 
teristic polynomial of x + / G i?// Endfc(-R//) = Mdimfc(_R//)(A;)- 

• For the height 1 primes with infinite codimension (co-GK 1), it is not yet clear 
whether algebraicity of an element x + J G R/I guarantees the existence of 
a finite (or countable) Ej C k, such that for every A G — Ej, x — A + / is 
invertible in R/I. 

Observe that now (when k is not algebraically closed), even though the 
characteristic polynomial of x + / G R/I Mnj{Li) may not be over fc, such 
a finite subset of fc, Ei, may exist, as the following example shows: Let A; = R, 
R/I ^ M2(C(X)) where X is an indeterminate (X commutes with C) and 
x+J = il2. x+I is algebraic over M since it satisfies + but its characteristic 
polynomial is — 2it — 1 ^ R[t]. However, one can take Ej = 0; Indeed, for 
every A G R-Ei = M, x-A + J = (x + /)-(A + /) = (i/2)-(A/2) = {i-X)l2, 
which is invertible in R/I, since its inverse is {l/{i — A))/2 = ((i + A)/ — (1 + 
X'))h = (^ + / - (1 + X'))h + (A/ - (1 + A2))/2 G R/I. 

Again, as was mentioned in the discussion preceeding Theorem 12. 6[ if R has only 
finitely many prime ideals P with GKdim{R/ P) = 1, then R is primitive without 
any further assumptions, as was proved in Theorem 12. 4[ So if that is the case, then 
we are done. 

Therefore, the assumptions in the following Theorem 12. 71 are crucial when there are 
countably many (infinite) such primes. 

Theorem 2.7. Let k be an uncountable field and let R be an affine prime Goldie non- 
simple non-PI k-algebra with GK dimension < 3. If R has a non-algebraic element 
X such that for every prime ideal P with GKdim{R/ P) = 1: 

(i) If P is completely prime, x + P G R/P is algebraic over k 

(ii) If P is not completely prime, x + P G R/P is nilpotent, 

then R is primitive. 

Proof. If there are only finitely many primes with co-GK 1, then we are done. 

So assume that there are infinitely many such primes (necessarily countably many). 
Denote them by {PjjjgN (third kind primes). Separate the third kind primes into 
two (disjoint) sets: {PjjjgAr^ the completely primes (l^il < Kq), and {PijjgiVj the 
ones that are not completely primes (1X2! < Ko)- Denote the first kind primes by 
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T = {Q^ji^e*- Denote the second kind primes by T = {Qi}i£M- From Lemma l2^ b) 
\M\ < Kq. Define four countable subsets of k. 

A := {a G k\ x — a is left invertible in R}: Indeed, from Amitsur's trick A is 
countable (By assumption, x is non-algebraic). 

-B := {/3 G k\ there exists i E M such that x — (3 + Qi E R/Qi 
is not invertible in R/Qi}: Indeed, Vi e M Endfc(/?/Qi) = Mdimfc(R/Qo(^)- 

Therefore, there exists only finitely many /3 G (=the roots of the characteristic 
polynomial of x+Qi G R/Oi --^ Endfc(-R/(5i) = ^dimk{R/Q^){k)) such that + = 
(x + Qi) — (/3 + Qi) is not invertible in R/Qi, denote them B{i) = {f3{i)i, . . . , (3{i)m,}- 
Then B = UjgM-B(O) which is countable. 

C := {7 G ^1 there exists i E Ni such that x — 7 + Pj G -R/Pj is not invertible in 
R/Pi}: Fix i G A^i. From (i), x + Pi G R/Pi is algebraic over /c, hence for every 7 G fc, 
(x + Pj) — (7 + Pj) = X — 7 + Pj is algebraic over k. R/Pi is a domain, hence for every 
7 G fc, except maybe one scalar 7, G fc, x — 7 + Pj is regular (If x + Pj is non-scalar, 
then for every 7 G fc, x — 7 + Pj 7^ 0, hence regular. If there exists 7i G such that 
x-l-Pj = 7j + Pj, then for every 7 G /c — {7i}, x — 7 + Pi 7^ 0, hence regular). Therefore, 
for every 7 G /c, except maybe one scalar 7^ G fc, x — 7 + Pj is invertible in R/Pi 
(since an element which is algebraic and regular is invertible). For every i E Ni, let 
C{i) = {7j} if X + Pj = 7j + Pj, otherwise C{i) = 0. It is clear that C = Ui^iyj^C{i), 
which is countable. 

D := {6 E k\ there exists i & N2 such that x — 5 + Pj G R/Pi is not invertible in 
R/Pi}: Fix i G R/Pi is a prime PI algebra, hence can be embedded in a matrix 
ring over a field extension of k: R/Pi Mn-(Lj), where Li is a field extension of k. 

From (ii), x + Pj G R/Pi is nilpotent, so let fi{t) = t'-' be such that (x + Pj)'' = 
fi{x + Pi) = + Pi 

Now think of x + P^ G R/Pi A M„^(Li) as a matrix over Lj. Obviously, fi{pi{x + 
Pi)) = Piiifii^ + Pi)) = Pi(0 + Pi) = 0. Hence, the minimal polynomial of pi{x + Pi), 
call it mi{t) G Li[t], divides fi{t). But fi(t) = so obviously mi(t) = t^^ with 
/• < li. Then the characteristic polynomial of pi{x + Pj), call it Cj(t) G Lj[t] must 
be Cj(t) = Take any nonzero 6 E k. We claim that x — 5 + Pj is invertible in 
R/Pi] Indeed, let Q^sit) G Lj[t] be the characteristic polynomial of pj(x — 6 + Pi), 
d^t) = det(pj(x - 5 + P,) - tl) = det(pj((x + Pj) -{6 + Pi)) - tl) = det(pj(x + 
P,) - pi{6 + Pi) - tl) = det(pj(x + P,) - 5/ - tl) = det(pj(x + P,) -{6 + t)I) = 
Ci{6 + t) = (5 + t)"' G A;[t]. So, Cj,5(t) = (5 + t)"» = r> + + . . . + 6it + 60 with 

. . . ,bi,bQ E k (actually bj = Cijii —j, ni)5^^~K From Cayley-Hamilton theorem, 
Ci,5{Pi{x — 6 + Pi)) = 0. Then, it is clear that pj(x — 5 + Pj) G M„.(Lj) is invertible 
with inverse ((-6o)-')((p^(x - 5 + Pj))"'"^ + bn,-i{pi{x -6 + Pi))^^-^ + ... + bJ). 

From this we can conclude that in R/Pi, x — 5 + Pj is invertible with inverse 
((-^o)"')((a; -S + Pi)""^-^ + 6„,_i(x -6 + Pi)""^-^ + . . . + 61I) G R/Pi (we use the fact 
that Pi is injective). 

Define D{i) = {0} C k. Of course, for 6 G D{i): x — (5 + Pj = x + Pj is our nilpotent 
element, which is not invertible. It is clear that D = Ui^j\f,^D{i) = {0}, which is 
countable. 

Next, define E := k — {AU B U C U D) . E is uncountable. Take any A G -E. x — A is 
not left invertible in R (since X ^ A). Hence P(x — A) Q R, so there exists a maximal 
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left ideal L such that R{x — A) C L. amiR{R/L) is a primitive ideal of R. There are 
two options for amiR^R/ L): 

(I) ann^(i?/L) = 0. Then R is primitive. 
(II) anni?(/?/L) ^ 0. Hence amiR^R/L) eTuf. 

We shall now see that annR^R/ L) G T U T is impossible: 

(1) ann u{R/L) G T: So annij(i?/L) = Qi for some i G M. 

Qj = ann/j(i?/L) = core(L) C L. We have an impossible situation: On 
the one hand, x — X + Qi is invertible in R/Qi (since X ^ B). On the 
other hand, x — X + Qi^L/QiC R/Qi, where L/Qi is a maximal left 
ideal of R/Qi- So annji{R/ L) G T cannot be true. 

(2) annij(i?/L) G T: So anni^(i?/L) = Q^ for some G $. There exists 
i G N = iVi U A^2 such that Pi <^ Q^ = ajinp>{R/ L) = core(L) C L. We 
have an impossible situation: On the one hand, x — X + Pi is invertible in 
R/Pi (since A ^ (CUD)). On the other hand, x- A + P^ G L/Pi C P/P^, 
where L/Pj is a maximal left ideal of R/ Pi. So ann/{(P/L) G T cannot 
be true. 

Hence only (I) is possible, so R is primitive. □ 

2.4. Another partial answer to Small's question. When k is not algebraically 
closed, we have seen in Theorem 12.71 that the existence of a non-algebraic element 
X E R with algebraic images in completely primes with co-GK 1, and nilpotent images 
in the other primes with co-GK 1, guarantees that R is primitive. If one prefers the 
weaker assumption, that of Theorem 12.61 when k was algebraically closed, (namely, 
the existence of a non-algebraic element x G P with algebraic images in primes with 
co-GK 1), then one may add an additional condition in order to guarantee that P is 
primitive. The following definition will be used in the additional condition. 

Definition 2.8. Let C be a commutative k-algebra (k is any field). For the polynomial 
ringC[t], the property (*), is as follows: If fit) G C[t] and g(t) G C[t] have f(t)g(t) G 
k[t], then necessarily f{t) G k[t] and g{t) G k[t]. 

For example: C = k[X] has the property (*), since it is clear that if a product 
of two polynomials over k[X] is a polynomial over k, then each of these polynomials 
must be over k. A non-example is C = k{X), since 1 = X ■ (1/X). 

Theorem 2.9. Let k be an uncountable field and let R be an affine prime Goldie non- 
simple non-PI k-algebra with GK dimension < 3. If R has a non-algebraic element 
X E R, such that x + P G P/P is algebraic over k, for every prime ideal P with 
GKdim(P/P) = 1, and also for every such prime P , the polynomial ring Z[R/P)\t\ 
has the property (*), then R is primitive. 

Proof. The discussion in the beginning of the previous subsection shows that if the 
following condition is satisfied, then P is primitive: For every prime ideal P with 
GKdim(P/P) = 1, there exists a finite (or countable) subset of fc, call it Pp, such 
that for every X E k — Ep, x — X -\- P is invertible in P/P. Therefore, we only need 
to show that, in our P, for every prime ideal P with GKdim(P/P) = 1, there exists 
such a finite set. 

Let P be a prime ideal with co-GK 1. P/P is a finite module over its center; this 
can be seen by either one of the following two arguments: 
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• Small and Warfield have shown in [26] that an affine prime fc-algebra with 
GKdim{R/ P) = 1 is a finite module over its center. 

• Farina and Pendergr ass- Rice have shown in [3, Corollary 2] that a PI just 
infinite algebra is a finite module over its center (observe that R/P is indeed 
a PI just infinite algebra). 

Let R/P = '£^^^Z{R/P)fi, where fj G R/P. Hence, each element of R/P can be 
thought of as a matrix over Z{R/P). Reason: each y ^ R/P can be thought of as 
an Z(i?/P)-endomorphism of R/P, namely the left multiplication by y. The matrix 
which represents this left multiplication is, of course, (ajj), where for each 1 < i < n 
yfi = Ti^^^ttjifj. Indeed, {aij)[fi] = [yfi]). 

(A remark: Although there may exist more then one way to think of an element 
of i?/P as a matrix over Z{R/P) (since the fj's are probably "dependent"), it seems 
that for what we would like to prove, this will not be a problem). 

Now, in particular, x = x + P E R/P = T,^^^Z{R/P)fi can be thought of as a 
matrix over Z{R/P). Z{R/P) is a commutative domain, so it has a field of fractions, 
F{Z{R/P)). X is algebraic over k, so let f(t) G k[t] be such that /(x) = 0. Let 
{Aj}jej C Mn{Z{R/P)) C Mn{F{Z{R/P))) be all the possible options to view x as 
an element of M„(Z(i?/P)) (we don't have any information about | J|, but we shall 
immediately see that this is not a problem). 

Obviously, for each Aj: f{Aj) = (since f{x) = and if a matrix B represents 
X, then for any polynomial h(t) G Z{R/P)[t], h{B) represents h{x)), so each Aj is 
algebraic over k. Denote by Cj{t) G F{Z{R/P))[t] the characteristic polynomial of 
Aj G M„(Z(P/P)) C M„(P(Z(P/P))), and denote by mj{t) G F{Z{R/P))[t] the 
minimal polynomial of Aj. 

We claim that, for each j G J, Cj{t) G k[t]; Fix j G J. In F{Z{R/P))[t\ we 
have: f{t) = q{t)mj{t) with q{t) G P(Z(P/P))[t], mj{t) G F{Z{R/ P))[t]. From 
Gauss's lemma, q{t) G Z{R/P)% mj{t) G Z{R/P)[t]. So, we have f{t) = q{t)mj{t) 
with fit) G k[t] and q{t),mj{t) G Z{R/P)[t]. But we have assumed that Z{R/P)[t] 
has the property (*), therefore, q{t),mj{t) G k[t]. Now, write mj{t) as a prod- 
uct of irreducible polynomials in F{Z{R/ P)): mj{t) = irrij{t) ■ ■ ■ irru.j{t), where 
irrijit), . . . ,irru^ j G F{Z{R/P))[t]. Use Gauss's lemma again to conclude that 
irrij{t), . . . ,irruj,j G Z{R/P)[t]. So, we have mj{t) = irrij{t) ■ ■ ■ irvu^jit) with 
rrijit) G k[t] and irrij(t), . . . ,irrujj G Z{R/P)[t]. But we have assumed that 
Z{R/P)[t] has the property (*), therefore, irrij{t), . . . ,irru^j G k[t]. Finally, since 
each irreducible factor of Cj(t) is an irreducible of rrijit), we have Cj(t) G k[t], as 
claimed. 

Let K be the algebraic closure of k, so f(t) = (t — ai) ■ ■ ■ (t — ad), where d = deg{f) 
and ai, ... ,ad E K {it may happen that a, = aj for i ^ f). Define Ep =: {ai, . . . , a^} 
{Ep C K). 

Fix j G J. Hence, mj(i(:) = (t— a^J ■ ■ ■ (t—ai^_,), where {h, . . . ,lsj} C {1, . . . ,c/} and 
Sj < d. So, a^j, . . . , ai^, C i^p are the only roots of rrijit). Therefore, ai^, . . . , ai^, C 

Ep are also the only roots of Cj{t). This shows that the only possible options for the 
roots of any Cj{t), j G J, are among the elements of Ep. 

Define Ep := Ep f] k. For any A G - Ep: Fix j G J. Cj{X) = det{XI -Aj)ek-Q 
(g k since Cj(i(:) G A;[t], and 7^ since A is not a root of Cj(t)). Now, x — Al G P/P is 
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of course algebraic over k (since x G R/P is algebraic over k), so let g{x — Al) = 0, 
with g{t) e k[t]. Let {A}igL C M„((Z(i?/P)) C M„(F(Z(i?/P))) be all the possible 
options to view a; — Al as an element of Mn{Z{R/ P)). For each Bi, g{Bi) = 0, so 
Bi is algebraic over k, hence (from arguments just seen for Aj), the characteristic 
polynomial of Bi, cj(t), is over k (cj(t) G k[t]). 

Notice that for any Aj, Aj — A/ is a possible option for x — Al as an element of 
Mn{Z{R/P)), so {Aj — \I}jeJ ^ {Bi}ieL- Actually, one can see that {Aj — XI}jej = 

{Bl}l(zL- 

Choose any j G J, then for Aj — A/: Aj — XI = Bi for some / G L. Denote 
c\{t) = (-l)"r + hn-if^ + . . . + 6it + 6o with h G k. Of course 6o = det{Bi). 
So, we have 6o = det{Bi) = det{Aj — XI) = Cj{X) G A; — 0. From Cayley-Hamilton 
Theorem, = c\{Bi) = (-l)"^;" + ^n-i^r"^ + • • • + hBi + 6o, hence {-l^B^ + 
hn-iB^-' + ... + b,Bi = -bo, implying ((-l)"5r ^ + ^n-i^r^' + • • • + = -&o, 

so (-6o)-^((-l)"5r' + 6„-i5r' + . . . + bJ)Bi = I, 

so {-bo)-\{-inA^ - AJ)"-i + 6„_i(A, - A/)"-2 + . . . + 6i/)(A, - XI) = /, 
This shows that, in R/P, (-6o)"^((-l)"(x - Al)"-^ + 6„_i(x - Al)"-^ + . . . + 
bil){x-Xl) = 1. 

Therefore, in R/P, x — Al is invertible (since we have found an element in R/P, 
(-6o)"H(-l)"(^ - Al)"-i + 6„_i(x - Al)"-2 + . . . + bil) which is a left and a right 
inverse of x — Al). 

We have shown that, for any X E k — Ep, x — Al = a: — A + Pis invertible in R/ P 
(we have already seen that Ep C k, \Ep\ < d). □ 

Notice that in the above proof of Theorem 12. 9[ we viewed x + PgP/P as a matrix 
over Z{R/P), although an embedding R/P ^ Mn{Z{R/P)) does not necessarily 
exists. In the next theorem we impose a similar condition to that of Theorem 12. 9[ 
and this time R/P will be embedded in a matrix ring. 

But first observe that for an affine prime Goldie non-simple non-PI fc-algebra with 
GK dimension < 3, where k is an uncountable field, the following is true: 

Take a prime ideal P of R with GKdim(P/P) = 1. Since R/P is a prime 
Goldie ring {R/P is Goldie since it is prime PI), it has a classical (Goldie) ring 
of quotients, Q{R/P), which is isomorphic to M„(D), where D is a division k- 
algebra (see [IDl Theorem 1.35]). Actually, since R/P is prime PI, Posner's theo- 
rem ([ini Theorem 3.2]) says that Q{R/P) is also PI, so by Kaplansky's theorem 
Q{R/P) is finite dimensional over its center, Z{Q{R/P)) ^ Z(M„(P))) ^ Z{D). So, 
dimz{D){^n{D)) < oo, hence dimz(D){D) < oo. Denote dimz{D){D) = then 
dimz(D){Mn{D)) = mn^ and we have M^{D) ^ Endz(z))(M„(P))) = M^„2(Z(D)). 
Therefore, R/P ^ Q{R/P) = M^iD) ^ M„„2(Z(P))). 

Z[D) is, of course, a field extension of k. We will add a condition on Z{D), which, 
together with the existence of a special non- algebraic element, will guarantee the 
primitivity of R. (Notice that Bell has mentioned in [6], Remark 2.5] that Z{D) is a 
finitely generated field extension of k of transcendence degree 1. Hence, the condition 
we will add seems not too restrictive. Remember that when k is algebraically closed. 
Theorem 12.61 already tells us that R is primitive). 

Theorem 2.10. Let k be an uncountable field and let R be an affine prime Goldie 
non-simple non-PI k-algebra with GK dimension < 3. If R has a non-algebraic 
element x G P, such that x -|- P G R/P is algebraic over k, for every prime ideal P 
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with GKdim(i?/P) = 1, and also for every such prime P, the center of the classical 
(Goldie) ring of quotients of R/P, Z{Q{R/ P)) , is isomorphic to k{X), then R is 
primitive. 

Proof. As was mentioned in the beginning of the proof of Theorem 12.9^ it is enough 
to show that the following condition is satisfied: For every prime ideal P with 
GKdim(i?/P) = 1, there exists a finite (or countable) subset of k, call it Ep, such 
that for every A G A; — Ep, x — A + P is invertible in R/P. 

Let P be a prime ideal with co-GK 1. x G R/P is algebraic over k; let f{t) G 
k[t] be such that f{x) = 0. x G R/P ^ Q{R/ P) = M„(P)) ^ M„„2(Z(P))), 
thus viewing x as an element of Mfnn^{Z{D)), it has a characteristic polynomial 
c(t) G Z{D)[t] and a minimal polynomial m{t) G Z{D)[t]. Of course, in Z{D)[t]: 
m{t)\f{t), so f{t) = q{t)ni{t) with q{t) G Z{D)[t]. But we have assumed that Z{D) ^ 
k{X), so fit) = q{t)m{t) with q{t),m(t) G A;(X)[t]. From Gauss's lemma, it follows 
that q{t),m{t) G A;[X][t]. But then, obviously, q{t),m{t) G k[t]. Now, in k{X)[t], 
write m{t) as a product of irreducible polynomials, each, apriori is over k{X). Then 
Gauss's lemma shows that each irreducible factor of m{t) is over k[X]. But then each 
irreducible factor of m{t) is over k. Therefore, c{t) is also over k. Finally, take Ep to 
be the set of roots of c{t). It is clear that for every A G /c — Ep, x — X + P is invertible 
in R/P. □ 

2.5. The extended center. Smoktunowicz in her paper [27] proves the following: 
"Let k he a field, and let R be an affine fc-algebra, which is a domain with quadratic 
growth. Then either the center of R is an affine /c-algebra or R satisfies a polynomial 
identity (is PI) or else R is algebraic over k" . 

We (almost) generalize Smoktunowicz's theorem in case the base field k is uncount- 
able. 

Theorem 2.11. Let R be an affine prime Goldie non-simple k-algebra with GK 
dimension < 3, where k is an uncountable field. Then R is PI or the center of 
R is a finite dimensional field extension of k. 

Observe that this is indeed a generalisation in case k is uncountable: a domain 
with quadratic growth is (prime) Goldie and quadratic growth implies GK dimension 
2. Also, in Theorem 12.111 (as well as in Smoktunowicz's theorem), non-simplicity of 
R implies that R is not algebraic over k. This is because an algebraic prime Goldie 
algebra is simple. 

Proof. Assume that R is non-PL Hence R is an almost PI algebra. Use Proposition 
11.501 to conclude that Z{R) is a finite dimensional field extension of k. □ 

We can consider the extended center of such algebras. 

Theorem 2.12. Let R be an affine (non-simple) prime Goldie k-algebra with GK 
dimension < 3, where k is an uncountable field. Then R is PI or the extended center 
of R is algebraic over k. 

Proof. Assume that R is non-PL Hence R is an almost PI algebra. Use Proposition 
11.441 or Proposition 11.451 to conclude that C{R) is algebraic over k. □ 

Theorem 12. 12l is a special case of a result of Bell and Smoktunowicz brought in [5]: 
"Let k he a field and let A be a finitely generated prime fc-algebra. We generalize a 
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result of Smith and Zhang, showing that if A is not PI and does not have a locally 
nilpotent ideal, then the extended centre of A has transcendence degree at most 
GKdim(74) — 2 over k" . Indeed, our algebra R is prime Goldie, hence R does not 
have a locally nilpotent ideal. Therefore, their theorem says that the extended centre 
of R has transcendence degree at most GKdim(i?) — 2<3 — 2 = 1 over k, hence 
the extended centre of R is algebraic over k. Their theorem is more general because 
there R is not necessarily Goldie, GKdim(i?) can be > 3, and k is not necessarily 
uncountable. 

In the special case when k is also algebraically closed, we get the following. 

Corollary 2.13. Let R be an affine prime Goldie (non-simple) non PI k-algebra with 
GK dimension < 3, where k is an uncountable algebraically closed field. Then R is 
stably almost PI. 

Proof. Just use Corollary 11.461 to conclude that R is stably almost PI. □ 

3. Just infinite algebras 

3.1. Some remarks about Farkas and Small's theorem. Remember Farkas and 
Small's theorem which says that an affine semiprimitive just infinite algebra over an 
uncountable field is PI or primitive. 

First notice that if one insists not to assume semiprimitivity, then one gets the 
following trichotomy (which is consistent with the Golod-Shafarevich example, which 
is algebraic). 

Theorem 3.1 (Farkas and Small). Let R be an affine just infinite algebra over an 
uncountable field k. Then R is algebraic over k or PI or primitive. 

Proof. Assume that R in non-algebraic and non-PI. Take any non-algebraic element 
X E R. Denote all the nonzero prime ideals of R by {Qi}i£M- Of course each nonzero 
prime ideal is maximal (since a prime finite dimensional algebra is simple). So each 
nonzero prime ideal is of height 1 (remember that a just infinite algebra is prime, 
see [7]). i? is an almost PI algebra (since we assume that R is non-PI), hence from 
Proposition 061 |M| < Kq. 

Define two countable subsets of fc: A := {a E k\ x — a is left invertible in R}: 
Indeed, from Amitsur's trick A is countable {x is non-algebraic). 

B := {(3 e k\ there exists i G M such that x - f3 + Qi e R/Qi 
is not invertible in R/Qi}: Indeed, Mi e M R/Qi ^ Endfc(i?/(5i) = Mdimfe(j?/Q,)(^)- 

Therefore, there exists only finitely many P & k (=the roots of the characteristic 
polynomial of a; +Qi G R/Qi Endk{R/Qi) = Mdimfe{j?/Q,)(^)) such that x-^+Qi = 
{x + Qi) — (/9 + Qi) is not invertible in R/Qi, denote them B{i) = {/3(i)i, . . . , (3{i)mi} 
(obviously, for /3 G A; — B{i), x — (3 + Qi is invertible in R/Qi, since its inverse, as an 
element of Mdimfe(ij/Qi)(^)5 is a /c-linear combination of powers of x — (3 + Qi, which is 
in R/Qi). Then B = VJi^MB{i), which is countable. 

Next, define E := k — {AVJ B). E is uncountable. 

Take any \e E. 

X — \ is not left invertible in R (since \ ^ A). Hence R{x — A) C f?, so there exists 
a maximal left ideal L such that R{x — A) C L. ajmji{R/ L) is a primitive ideal of R. 
There are two options for annij(i?/L): 
(I) ann/j(i?/L) = 0. Then R is primitive. 
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(II) ann/j(i?/L) 7^ 0. Hence ann/j(i?/L) = Qi for some i G M. Qi = amiR^R/ L) = 
core(L) C L. We have an impossible situation: On the one hand, x — X + Qi 
is invertible in R/Qi (since X ^ B). On the other hand, x — X + Qi&L/QiQ 
R/Qi, where L/Qj is a maximal left ideal of R/Qi. So ann^(i?/L) G T cannot 
be true. 

Hence only (I) is possible, so R is primitive. □ 

We show that instead of R affine over an uncountable field k, one can assume "the 
usual dimension-cardinality hypothesis", namely dimk{R) < \k\. 

Theorem 3.2 (Farkas and Small). Let R be a just infinite algebra over a field k, with 
dimk{R) < \k\. Then R is algebraic over k or PI or primitive. 

Proof. Notice that in the above proof of Theorem 13. 1[ we have used affinity twice 
(and uncountability of k once): 

• When using Proposition II. 26^ to conclude that R, as an affine almost PI 
algebra (since we assume that R is non-PI) has only countably many height 
1 primes. 

• When using Amitsur's trick, to conclude that the set A is countable. Not only 
affinity was used, but also uncountability of k. 

However, under the weaker assumption that dimk{R) < \k\, we can still have the 
same conclusions: 

• Instead of Proposition 11.261 we can use Proposition 11.221 Indeed, R is an 
almost PI algebra (again we assume that it is non-PI), and as a just infinite 
algebra it satisfies ACC (ideals), so in particular, ACC(semiprimes). 

• Of course, in order to use Amitsur's trick, it is enough to have dimk{R) < \k\. 

Therefore, the proof of Theorem 13.11 is applicable here also, with the two new argu- 
ments just mentioned used, instead of the old ones. □ 

Notice that in Theorem 13.11 as well as in Theorem 13. 2[ semiprimitivity was not 
assumed, since we wanted to have a trichotomy. However, if one wishes to have 
a dichotomy (namely, PI or primitive), then also "the usual dimension-cardinality 
hypothesis" can replace " affine over an uncountable field" . This answers what Farina 
and Pender grass- Rice have written in [TJ section 3], that it is unknown whether, 
except semiprimitivity, the other hypotheses can be relaxed. But maybe they have 
meant that it is unknown what happens over finite or countable fields; in that case 
the next theorem does not give an answer. 

Theorem 3.3. Let R be a semiprimitive just infinite algebra over a field k, with 
dimk{R) < \k\. Then R is PI or primitive. 

Proof. Exactly the same proof as the original proof of Farkas and Small will work 
here. Just pay attention to the following: 

• As a non-PI just infinite algebra, R has only countably many nonzero primitive 
ideals, as was explained there. Affinity is not needed. 

• Since dimk{R) < \k\, Amitsur's linear independence trick can be used to show 
that R is an algebraic algebra over k. 
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• Fisher and Snider's theorem can still be applied; Since i? is a non-PI just 
infinite algebra, it is an almost PI algebra. Hence Proposition 11.201 can be 
used (indeed, in Proposition ll.20[ affinity is not needed). The difference is 
that instead of taking as a countable cofinal subset the set {T„(i?)}, we take 
the set {Sn,d}. 

□ 

3.2. When an afRne prime Goldie algebra with GK dimension less then 
3 over an uncountable field is just infinite. Let R be an affine prime Goldie 
non-simple non-PI /c-algebra with GK dimension < 3, where k is an uncountable field. 

It may happen that i? is a (non-PI) just infinite algebra. In that case, R must be 
primitive: Indeed, from Lemma ITT] R is semiprimitive, so Farkas and Small's theorem 
implies that R is primitive. 

If R is bounded (for definition, see ll.32p . then R is a (non-PI) just infinite algebra. 
Indeed, we have seen in Theorem 11.331 that a bounded affine almost PI algebra is 
(non-PI) just infinite. However, boundedness is a very restrictive condition, so we 
look for a weaker condition that will guarantee that R is just infinite. 

Proposition 3.4. Let R be an affine prime Goldie non-simple non-PI k-algebra with 
GK dimension < 3, where k is an uncountable field. If there are only countably many 
primitive ideals in R, then R is a non-PI just infinite algebra. In that case, R is 
primitive. 

Notice that for the above R, the converse is also true, namely: If is a non-PI just 
infinite algebra, then there are only countably many primitive ideals in R. This was 
explained in the beginning of the proof of Farkas and Small's theorem. 

Proof. In view of [T, Corollary 1], it is enough to show that every nonzero prime ideal 
has finite codimension. From Lemma 12. 2[ R can have three kinds of nonzero prime 
ideals. If R has a third kind prime, then Corollary 12.31 would imply that there are 
uncountably many first kind primes. But each first kind prime is primitive, and we 
have assumed that R has only countably many primitive ideals. Therefore, R has no 
third kind primes. Hence R has no first kind primes (since a first kind prime must 
contain a third kind prime). So, Spec(i?) = {0, second kind primes}, and since each 
second kind prime has finite codimension, we are done. □ 

Smoktunowicz has written in ^8^^ page 266]: "...another question of Small: if R is 
a Noetherian affine algebra with quadratic growth, does it follow that R is either 
primitive or PI? This is true in the graded case, as was shown by Artin and Stafford 
in 2000. According to Small, it is also true if every nonzero prime ideal in R is 
maximal." 

A remark about "According to Small, it is also true if every nonzero prime ideal in 
R is maximal" : 

• If is uncountable: We shall see a proof of this in the following Proposition 



• If I A; I < Kq: It is interesting to see Small's proof. Apriori, it seems that 
such an algebra can even have a nonzero Jacobson radical, in contrast to the 
uncountable case where semiprimitivity is guaranteed (Lemma 12. ip . 
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In the same spirit, we bring the following Proposition 13.51 On the one hand, here 
we demand less: our algebra is Goldie with GK dimension < 3, instead of Noetherian 
with quadratic growth and every nonzero prime ideal is primitive instead of maximal. 
On the other hand, here we demand more: k is uncountable, instead of any field and 
R is prime. 

Proposition 3.5. Let R be an affine prime Goldie non-simple non-PI k-algebra with 
GK dimension < 3, where k is an uncountable field. If every nonzero prime ideal in 
R is primitive, then R is a non-PI just infinite algebra. In that case, R is primitive. 

Proof. First proof: R is an affine almost PI algebra in which every nonzero prime 
ideal is primitive, hence Corollary 11.101 says that i? is a non-PI just infinite algebra. 

Second, more concrete, proof: From Lemma [521 R can have three kinds of nonzero 
prime ideals. We have assumed that every nonzero prime ideal in R is primitive, 
so R has no third kind primes. Hence R has no first kind primes. So, Spec(i?) = 
{0, second kind primes}. We are done either by [H Corollary 1], or by the following 
argument: there are only countably many second kind primes (remember that an 
affine almost PI algebra has only countably many height 1 primes, see Proposition 
11.261) . Each second kind prime is primitive, so R has only countably many primitive 
ideals. Now use Proposition 13. 4[ □ 

Notice that for the above R, the converse is also true, namely: If is a non-PI just 
infinite algebra, then every nonzero prime ideal in R is primitive (actually, maximal, 
by [20^, Corollary 1.6.30]). 

Therefore, for an affine prime Goldie non-simple non-PI fc-algebra R with GK 
dimension < 3, where k is an uncountable field: there are only countably many 
primitive ideals in R <^==^ R is non-PI just infinite <^==^ every nonzero prime ideal 
in R is primitive. 
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